
 

 

 

  

 

Statistical Properties of Two 

Asymmetric Stochastic Volatility in 

Power Mean Models 
 

 

Antonis Demos 
 
 
 
 
 
 
 
 
 
 
 
 

Working Paper Series 

25-46 

June 2025 

DEPARTMENT OF INTERNATIONAL AND 

EUROPEAN ECONOMIC STUDIES 

ATHENS UNIVERSITY OF ECONOMICS AND BUSINESS 



Statistical Properties of Two Asymmetric

Stochastic Volatility in Power Mean Models

Antonis Demos

June 26, 2025

Here we investigate the statistical properties of two autoregressive normal
asymmetric SV models with possibly time varying risk premia. These, al-
though they seem very similar, it turns out, that they possess quite di�erent
statistical properties. The derived properties can be employed to develop
tests or to check for up to forth order stationarity, something important for
the asymptotic properties of various estimators.

1 Introduction

Empirical investigations in economics and �nance have uncovered several ro-
bust statistical regularities, commonly referred to as stylized facts. Among
the most prominent of these is volatility clustering, wherein periods of ele-
vated (or subdued) volatility tend to be succeeded by similar periods. This
phenomenon, �rst documented in economic time series, has also been ob-
served in the physical sciences, notably in turbulence data�where it is re-
ferred to as indeterminacy (Barndor�-Nielsen 1997 [11]).

The recognition of volatility clustering has led to substantial develop-
ments in time series modeling, beginning with the introduction of the Au-
toregressive Conditional Heteroskedasticity (ARCH) model by Engle (1982)
[25] and its generalization by Bollerslev (1986) [16], the Generalized ARCH
(GARCH) model. These foundational models have since evolved into a wide
range of dynamic heteroskedasticity frameworks (see e.g., Bollerslev, Chou,
and Kroner, 1992 [17], Bera and Higgins, 1993 [12], and Francq and Zakoian,
2010 [31]).
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Financial theory frequently posits explicit relationships between the con-
ditional �rst and second moments of asset returns. For example, in the
context of equity markets, the conditional mean of excess returns is of-
ten modeled as a function of conditional variance (Merton, 1980 [55], and
Glosten, Jagannathan and Runkle, 1993 [35]). Rational, risk-averse investors
are hypothesized to demand higher expected returns in periods of increased
volatility, implying a positive risk-return trade-o�, an association empirically
supported by French et al. (1987) [32], Campbell and Hentschel (1992) [18],
and Poon and Taylor (1992) [61]. To formally capture this relationship, En-
gle, Lilien and Robins (1987) [29] proposed the ARCH-in-Mean (ARCH-M)
model.

Subsequent empirical �ndings (e.g., Glosten, Jagannathan and Runkle
(1993) [35]; Nelson (1991) [58]) also highlight a negative association between
the unanticipated component of returns and future volatility. French et al.
(1987) [32] interpret this as indirect evidence for a positive correlation be-
tween expected risk premia and ex-ante volatility. According to the volatility
feedback hypothesis, a large unanticipated shock increases expected future
volatility, which, if positively related to returns, leads to an immediate drop
in asset prices (Campbell and Hentschel (1992) [18]).

Another well-documented asymmetry in �nancial markets is that volatil-
ity tends to increase more following negative unexpected returns than positive
ones of equivalent magnitude. This leverage e�ect, originally discussed by
Black (1976) [14], can be attributed to increases in �nancial leverage follow-
ing declines in �rm value. It is typically modeled within asymmetric GARCH
frameworks such as the Exponential GARCH (Nelson (1991) [58]), Quadratic
GARCH (Sentana (1995) [65]), or the GJR-GARCH model (Glosten, Jagan-
nathan and Runkle (1993) [35]).

These empirical regularities have spurred extensive research, particularly
within empirical �nance, focusing on estimating and quantifying these dy-
namics through symmetric and asymmetric GARCH-M speci�cations, which
o�er computational tractability for inference (e.g., Gonzales-Rivera 1996 [36],
Arvanitis and Demos 2004 [6] and 2004a [7], and Bali and Peng 2006 [10]).

The statistical properties of various GARCH-type models have been ex-
plored extensively in the literature (Milhοj (1985) [57]; Karanasos (1999)
[49]; Rodriguez and Ruiz (2012) [63]; He C. and T. Terasvirta [43]; Demos
(2002) [23]; He, Terasvirta and Malmsten (2002) [44]; Tsiotas (2007) [69]).
For GARCH-M models, relevant properties are presented in Anyfantaki and
Demos ((2011) [4], (2016) [5]) and Arvanitis and Demos (2004a,b) [6, 7].
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While GARCH models are characterized by the in�uence of past mean
shocks on future conditional variance, an alternative class of models�Stochastic
Volatility (SV) models�introduces an additional innovation term that drives
the conditional variance, which may be correlated with the return innova-
tion (Andersen, 1996 [1]). The archetypal SV model de�nes volatility as
a log-linear �rst-order autoregressive process, commonly referred to as the
SV(1) model. Despite their conceptual appeal, SV models have seen limited
practical adoption, largely due to the unobservability of volatility, which ne-
cessitates both �ltering and smoothing for inference (Andersen and Benzoni,
2009 [2]).

Fundamental di�erences exist between GARCH-M and SV-M models not
only in their structural speci�cation�pertaining to the number of innova-
tions a�ecting the return and volatility processes�but also in their statis-
tical properties and capacity to accommodate stylized facts. Notably, while
GARCH-M models estimate the contemporaneous relationship between con-
ditional mean and variance, SV-M models are equipped to jointly model
ex-ante return-volatility relationships and the volatility feedback mechanism
(Koopman and Uspensky, 2002 [51]).

Classical estimation techniques for SV models are presented in Taylor
(1986) [67] and Harvey, Ruiz, and Shephard (1994) [41]. Bayesian approaches
are found in Jacquier, Polson, and Rossi (1994 [47], 2004 [48]), Kim, Shep-
hard, and Chib (1998) [50], and Koopman and Uspensky (2002) [51]. For
approaches to approximate likelihood estimation, see Bermudez, Marin, and
Veiga (2020) [13] and Romero and Ropero-Moriones (2023) [62], who use
data cloning, as well as Marín, Romero, and Veiga (2024) [52], who apply the
Laplace transformation. Methods based on indirect inference are discussed
in Gallant and Tauchen (1996) [33], Smith (1993) [66], Gourieroux, Monfort,
and Renault (1993) [37], and for the simulated and generalized method of
moments see Du�e and Singleton (1993) [24], Melino and Turnbull (1990)
[54], and Andersen and Sorensen (1996) [3].

In the present study, we examine the statistical properties of asymmetric
SV models with potentially time-varying risk premia, i.e., where the condi-
tional variance, raised to a power, enters the mean equation (SV-PM spec-
i�cation). The standardized innovations are assumed to be normally dis-
tributed, and correlation between the return and volatility innovations is
permitted. We focus on two autoregressive SV speci�cations that, while
seemingly similar, exhibit markedly di�erent statistical characteristics.

For foundational statistical properties of SV models, see Taylor (1994)
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[68], Harvey and Shephard (1996) [42], Jacquier, Polson, and Rossi (1994)
[47], Danielsson (1998) [21], and Harvey, Ruiz, and Shephard (1994) [41].
For asymmetric SV models, see Tsiotas (2012) [70], and for long-memory SV
models, consult Ghysels, Harvey, and Renault [34], Harvey (2007) [39], and
Perez and Ruiz (2003) [59]. Mao et al. (2020) [53] present a Generalized
Asymmetric SV-M model in which asymmetry arises via a transformation of
the mean innovation in the volatility equation. Here, we adopt the classical
approach of modeling asymmetry through a correlation between return and
volatility innovations, as proposed by Jacquier, Polson, and Rossi (2004)
[48] (hereafter, JPR). To our knowledge, the statistical properties of such an
asymmetric SV-PM model are presented here for the �rst time.

The properties derived herein provide a basis for constructing statistical
tests analogous to those proposed by Horvath, Kokoszka, and Zitikis (2006)
[46], and for checking stationarity of various orders, which is essential for
establishing the asymptotic behavior of estimators. These results can also
inform GMM-based estimation procedures.

In the next section we present the two SV models and derive their static
and dynamic moments. In the �nal section we compare the properties of the
two models and conclude.

2 The Two SV-PM Models

We consider the following normal Autoregressive Stochastic Volatility in
Power Mean class of models:

yt = c+ λσ2α
t + ε∗t = c+ λσ2α

t + εtσt where, (2.1)

ln σ2
t = ω + ψ lnσ2

t−1 + ηt−1 (SV 1) and (2.2)(
εt
ηt

)
iid∼ N

((
0
0

)
,

(
1 ρση
ρση σ2

η

))
.

We call this model SV1-M. The estimation of the model above, with
α = 0.5, can be found in Arvanitis and Demos (2024) [8], whereas restricted
version of it, with c = λ = 0, has been estimated by quasi maximum likeli-
hood in Harvey and Shephard (1996) [42], and by MCMC in Meyer and Yu
(2000) [56]. Further, Asai and McAleer (2011) [9] present some properties
of the restricted model concerning mainly the asymmetry and the leverage
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e�ect.1

However, a second model has been considered in applied work. Speci�-
cally, instead of the above conditional variance speci�cation 2.2 the following
one is employed :

ln σ2
t = ω + ψ lnσ2

t−1 + ηt (SV 2). (2.3)

We name this one the SV2-M model. A similar model, with ρ = 0 and
α = 0.5, has been estimated in Koopman and Uspensky (2002) [51] by simu-
lated maximum likelihood, but they add an autoregressive term in the mean.
Further, a model with c = λ = 0 and α = 1, but with non-normal error
distribution, has been employed by Jacquier, Polson and Ross (2004) [48]
(JPR).

Although the two models look very similar, there are important di�er-
ences between the statistical properties that they can accommodate. In fact,
notice that for the SV1-M model the mean error and the conditional variance
are contemporaneously uncorrelated, which is not the case for the SV2-M
one. Nevertheless, Yu (2005) [72] proved that the partial derivative of future
volatility with respect to the error is not necessarily negative when ρ < 0,
i.e. it could be the case that even if ρ < 0 future volatility could decrease
with a negative error, claiming the the variance speci�cation in 2.2 is a more
�natural� one (see details in Yu 2005 [72]).

Now, form equation 2.1, and for α = 1, we get

yt = c+ λEt−1

(
σ2
t

)
+ λ

(
σ2
t − Et−1

(
σ2
t

))
+ εtσt where,

Et−1 (σ
2
t ) is the expected volatility given information at time t − 1. Hence

λ could also represent the volatility feedback coe�cient, as the term σ2
t −

Et−1 (σ
2
t ) is the unexpected part for volatility. In fact, this is a restricted

version of the model considered in Campbell and Hentschel (1992) [18], where
the risk premium and the feedback coe�cients are di�erent. In a GARCH-
M type model, this parameterization is not possible as Et−1 (σ

2
t ) = σ2

t , and
consequently this constitutes a comparative advantage of the SV-PM model
(see Koopman and Uspensky 2002 [51] for more details).

Let us now explore the properties of these models.

1Notice that the �ndings of Carnero, Pena and Ruiz (2004) [19] suggest that the as-
sumption of normality is reasonably appropriate for �nancial time series.
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2.1 Properties of the SV1-PM Model

Let us now investigate the statistical static and dynamic properties of the
SV 1−M model.

2.1.1 Static Properties

First, it is easy to prove that the variance of ε∗t = εtσt is given by

V (ε∗t ) = E
(
ε2tσ

2
t

)
= E

(
σ2
t

)
= exp

[
ω

1− ψ
+

σ2
η

2 (1− ψ2)

]
,

and its kurtosis coe�cient is given by

κε∗t =
3E (σ4

t )

(V (εtσt))
2 = 3 exp

(
σ2
η

1− ψ2

)
> 3.

Notice that the kurtosis coe�cient is bigger than 3, i.e. the stochastic
volatility increases the kurtosis of the errors, a well known fact of the SV
models. Further the square coe�cient of variation of the conditional variance
is given by

CV 2 =
V ar (σ2

t )

E2 (σ2
t )

= exp

(
σ2
η

1− ψ2

)
− 1.

Now

E (yt) = c+ λ exp

[
αω

(1− ψ)
+

α2σ2
η

2 (1− ψ2)

]
. (2.4)

Notice that for c = 0 the unconditional risk has the sign of λ, positive, as λ
represents the price of risk, in Financial Economics, where as for c = λ = 0,
as in Harvey and Shephard (1996) [42], the risk premium is zero.

Now

V (yt) = λ2
{
exp

[
α2σ2

η

(1− ψ2)

]
− 1

}
exp

[
2αω

(1− ψ)
+

α2σ2
η

(1− ψ2)

]
(2.5)

+exp

[
ω

(1− ψ)
+

σ2
η

2 (1− ψ2)

]
.

It is worth mentioning that the price of risk parameter λ increases the vari-
ance of the observed process, independent of the sign of the price of risk
parameter λ (see Appendix A).
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The skewness coe�cient of observed process yt is given by

sk (yt) = λ
λ2
{
exp

[
3α2σ2

η

(1−ψ2)

]
− 3 exp

[
α2σ2

η

(1−ψ2)

]
+ 2
}
exp

[
3αω

(1−ψ) +
3α2σ2

η

2(1−ψ2)

]
[V (yt)]

3/2
(2.6)

+3λ

{
exp

[
ασ2

η

(1−ψ2)

]
− 1
}
exp

[
(α+1)ω
(1−ψ) +

(α2+1)σ2
η

2(1−ψ2)

]
[V (yt)]

3/2
,

where V (yt) is given in 2.5. Notice that the skewness coe�cient has the sign
of λ, i.e. positive under the assumption of risk premium positivity, as it is
highly unlikely the �rst part of the expression to be negative and bigger in
absolute value to the second one. Further, for λ = 0 the skewness is zero.

Now the kurtosis coe�cient of yt is:

κ (yt) =
λ4
{
exp

[
6α2σ2

η

(1−ψ2)

]
− 4 exp

[
3α2σ2

η

(1−ψ2)

]
+ 6 exp

[
2α2σ2

η

2(1−ψ2)

]
− 3
}
exp

[
4αω

(1−ψ) +
2α2σ2

η

(1−ψ2)

]
[V (yt)]

2

(2.7)

+

6λ2
{{

exp
[
α(α+1)σ2

η

(1−ψ2)

]
− 2
}
exp

[
ασ2

η

(1−ψ2)

]
+ 1
}
exp

[
(2α+1)ω
(1−ψ) +

(2α2+1)σ2
η

2(1−ψ2)

]
[V (yt)]

2

+3
exp

[
2ω

(1−ψ) +
4σ2

η

2(1−ψ2)

]
[V (yt)]

2 ,

where V (yt) is, again, given in 2.5. Notice that for α = 0.5 it is possible that
κ (yt) − κε∗t can positive or negative, i.e. the presence of the price of risk,
λ, could either increase or decrease the kurtosis coe�cient of the data (see
Appendix A).

2.1.2 Dynamic Properties

For the autocovariances of the observed process, yt, we have that:

Cov (yt, yt−k) = λ2

[
exp

[
2α2ψkσ2

η

2 (1− ψ2)

]
− 1

]
exp

[
2αω

(1− ψ)
+

α2σ2
η

(1− ψ2)

]

+λαρσηψ
k−1 exp

[
(2α + 1)ω

2 (1− ψ)
+
σ2
η

(
4α2 + 4αψk + 1

)
8 (1− ψ2)

]
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and the correlations are given by dividing the above expression by the vari-
ance in 2.5. It is worth noticing that, provided that λ is positive then the
correlations can be either positive or negative, depending on the relative
values of of the parameters. Notice that for ρ = 0 the Corr (yt, yt−k) is pro-
portional to λ2 (see Appendix A), whereas for λ = 0 the autocorrelations are
zero.

In terms of leverage e�ect we have that

Corr
(
σ2
t , ε

∗
t−k
)
= ρσηψ

k−1
exp

[
4ψk−1
8(1−ψ2)

σ2
η

]
√(

exp
[

σ2
η

(1−ψ2)

]
− 1
) (2.8)

and has the sign of ρ, i.e. the leverage e�ect can be satis�ed by the model
if and only if ρ < 0, provided that ψ > 0 something which is very plausible
due to volatility clustering (see below).

In terms of dynamic asymmetry, as we call Corr (y2t , yt−k),

Cov
(
y2t , yt−k

)
= λ3

(
exp

[
2α2ψkσ2

η

(1− ψ2)

]
− 1

)
exp

[
3αω

(1− ψ)
+

5α2σ2
η

2 (1− ψ2)

]

+2λαρσηψ
k−1

{
λ exp

[
αω

(1− ψ)
+
α
(
ψk + 3α

)
σ2
η

2 (1− ψ2)

]
+ c

}
exp

[
(2α + 1)ω

2 (1− ψ)
+
σ2
η

(
4αψk + 1 + 4α2

)
8 (1− ψ2)

]

+λ

(
exp

[
αψkσ2

η

(1− ψ2)

]
− 1

)
exp

[
(α + 1)ω

(1− ψ)
+

(α2 + 1) σ2
η

2 (1− ψ2)

]

+2cλ2

(
exp

[
α2ψkσ2

η

(1− ψ2)

]
− 1

)
exp

[
2αω

(1− ψ)
+

α2σ2
η

(1− ψ2)

]

+ρσηψ
k−1 exp

[
3ω

2 (1− ψ)
+
σ2
η

(
4ψk + 5

)
8 (1− ψ2)

]
.

Now for λ = 0 we get that Corr (y2t , yt−k) is proportional to ρσηψ
k−1

and consequently has the sign of ρ, and, of course, it is independent of α
(see Appendix A). Notice that in this case and for ρ < 0 we have that
Corr (y2t , yt−k) > Corr

(
σ2
t , ε

∗
t−k
)
, i.e. the leverage e�ect is stronger than the

dynamic asymmetry. In Appendix A we also present the dynamic asymmetry
for ρ = 0.

8



Now the volatility clustering is given by (see Appendix A for a proof)

Corr
(
σ2
t , σ

2
t−k
)
=

exp
[
σ2
ηψ

k

(1−ψ2)

]
− 1

exp
[

σ2
η

(1−ψ2)

]
− 1

, (2.9)

and it is the same with the SV2-PM speci�cation (see below).
For the dynamic kurtosis, as we call here Cov

(
y2t , y

2
t−k
)
, the formula is

very complicated and presented in Appendix A. However, under the E�cient
Market hypothesis, i.e. for c = 0, the autocovariances are given by:

Cov
(
y2t , y

2
t−k
)
= λ4

{
exp

[
4α2ψkσ2

η

(1− ψ2)

]
− 1

}
exp

[
4αω

(1− ψ)
+

4α2σ2
η

(1− ψ2)

]

+2λ2

{(
1 + 2α2ρ2σ2

ηψ
2k−2

)
exp

[
2αψkσ2

η

(1− ψ2)

]
− 1

}
exp

[
(2α + 1)ω

(1− ψ)
+

(4α2 + 1) σ2
η

2 (1− ψ2)

]

+4λ3αρσηψ
k−1 exp

[
(6α + 1)ω

2 (1− ψ)
+
σ2
η

(
8α (2α + 1)ψk + (2α + 1)2 + 16α2

)
8 (1− ψ2)

]

+

{(
1 + ρ2σ2

ηψ
2k−2

)
exp

[
ψkσ2

η

(1− ψ2)

]
− 1

}
exp

[
2ω

(1− ψ)
+

σ2
η

(1− ψ2)

]

+2ρσηψ
k−1

{
λ exp

[
αω

(1− ψ)
+
α
(
2ψk + α + 1

)
σ2
η

2 (1− ψ2)

]
+ c

}
exp

[
3ω

2 (1− ψ)
+
σ2
η

(
4ψk + 5

)
8 (1− ψ2)

]
.

and

V
(
y2t
)
= λ4

{
exp

[
4α2σ2

η

(1− ψ2)

]
− 1

}
exp

[
4αω

(1− ψ)
+

4α2σ2
η

(1− ψ2)

]
(2.10)

+2λ2
{
3 exp

[
2ασ2

η

(1− ψ2)

]
− 1

}
exp

[
(2α + 1)ω

(1− ψ)
+

(4α2 + 1) σ2
η

2 (1− ψ2)

]
+

{
3 exp

[
σ2
η

(1− ψ2)

]
− 1

}
exp

[
2ω

(1− ψ)
+

σ2
η

(1− ψ2)

]
.

Further, for λ = c = 0 we get

Corr
(
y2t , y

2
t−k
)
=

(
1 + ρ2σ2

ηψ
2k−2

)
exp

[
σ2
ηψ

k

(1−ψ2)

]
− 1

3 exp
[

σ2
η

(1−ψ2)

]
− 1

,
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which is the same as equation 18 Perez, Ruiz and Veiga (2009) [60] and
equation 5 in Ruiz and Veiga (2008) [64], and again it is positive for any
values of ρ. Further, it is easy to see that Corr

(
y2t , y

2
t−k
)
< Corr

(
σ2
t , σ

2
t−k
)
,

in most plausible cases.
In Appendix A we present the autocovariances for λ = 0, and ρ = 0.

2.2 Properties of the SV2-PM Model

2.2.1 Static Moments

Now, in Appendix B we prove that if instead the conditional variance speci-
�cation we employ the speci�cation in JPR, equation 2.3, we get

E (yt) = c+ λ exp

(
αω

1− ψ
+

α2σ2
η

2 (1− ψ2)

)
+
ρση
2

exp

(
ω

2 (1− ψ)
+

σ2
η

8 (1− ψ2)

)
and

V ar (yt) = λ2
[
exp

(
α2σ2

η

(1− ψ2)

)
− 1

]
exp

(
2αω

(1− ψ)
+

α2σ2
η

(1− ψ2)

)
+λρση

[
(2α + 1) exp

(
ασ2

η

2 (1− ψ2)

)
− 1

]
exp

(
(2α+ 1)ω

2 (1− ψ)
+

(4α2 + 1) σ2
η

8 (1− ψ2)

)
+

{(
1 + ρ2σ2

η

)
exp

(
σ2
η

4 (1− ψ2)

)
− (ρση)

2

4

}
exp

(
ω

(1− ψ)
+

σ2
η

4 (1− ψ2)

)
.

Notice that if ρ = 0 we get that the expected value and variance of yt for
the SV2 model are the same as those for the SV1 one (see equations 2.4 and
2.5). Further, if c = λ = 0, as in JPR, E (yt) is negative, provided that ρ < 0
(leverage e�ect).

The skewness coe�cient of the mean error ε∗t = σtεt is given by

sk (ε∗t ) =
3

2
ρση

{(
3 +

(
3
2
ρση
)2)

exp
(

σ2
η

2(1−ψ2)

)
−
(
1 + (ρση)

2)} exp
(

σ2
η

4(1−ψ2)

)
+ 1

6
(ρση)

2((
1 + (ρση)

2) exp( σ2
η

4(1−ψ2)

)
−
(ρση

2

)2)3/2 .
(2.11)

It is worth noticing that although the distribution of the standardized errors
is normal the skewness of the mean error is non-zero, and if fact it is negative,
provided that ρ < 0 due to the leverage e�ect.

10



Now the kurtosis of the mean error is given by

κ (ε∗t ) =

[
3 + 24 (ρση)

2 + 16 (ρση)
4] exp( 3σ2

η

2(1−ψ2)

)
{(

1 + (ρση)
2) exp [ σ2

η

4(1−ψ2)

]
−
(ρση

2

)2}2

+3
(ρση

2

)2 {2 (1 + (ρση)
2)− (3 + (ρση 32)2) exp( σ2

η

2(1−ψ2)

)}
exp

[
σ2
η

4(1−ψ2)

]
−
(ρση

2

)2{(
1 + (ρση)

2) exp [ σ2
η

4(1−ψ2)

]
−
(ρση

2

)2}2 ,

and for ρ = 0, as in Koopman and Uspensky (2002) [51], κ (ε∗t ) is the same
as for the SV1-M model.

The asymmetry of the observed process, yt, is very complicated for the
full model and it is presented in Appendix B. Now for λ = 0 the skewness
coe�cient of yt, sk (yt), is, of course, the same as this one of ε∗t , see equation
2.11, above, whereas for ρ = 0 we get that sk (yt) for the SV2-M model is
the same as for the SV1-M one (see equation 2.6).

Further, the kurtosis coe�cient for yt, κ (yt) , is also very complicated
and is provided in Appendix B. However, for λ = 0 κ (yt) is the same as the
kurtosis coe�cient of ε∗t , above, whereas for ρ = 0 we have that κ (yt) is the
same as the one of SV1-M model (see equation 2.7).

2.2.2 Dynamic Moments

The dynamic moments for the SV2-M speci�cation are more complicated
than the SV1-M one. This due to the fact the for the SV2-M model we have
that Cov (g (εtσt) , f (εt−k, σt−k)) ̸= 0for various functions g (.) and f (.).

Now, the autocovariances the observed process, yt, are given by

Cov (yt, yt−k) = λ2

{
exp

(
α2ψkσ2

η

(1− ψ2)

)
− 1

}
exp

(
2αω

(1− ψ)
+

α2σ2
η

(1− ψ2)

)

+λρση

{(
αψk + 1

)
exp

(
αψkσ2

η

2 (1− ψ2)

)
− 1

}
exp

(
(2α + 1)ω

2 (1− ψ)
+

(4α2 + 1) σ2
η

8 (1− ψ2)

)

+
1

4
(ρση)

2

{(
ψk + 1

)
exp

(
ψkσ2

η

4 (1− ψ2)

)
− 1

}
exp

(
ω

(1− ψ)
+

σ2
η

4 (1− ψ2)

)
.
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It is possible that, depending on the parameter values, the kth order autoco-
variance can be either positive or negative.

V ar (yt) = λ2
[
exp

(
α2σ2

η

(1− ψ2)

)
− 1

]
exp

(
2αω

(1− ψ)
+

α2σ2
η

(1− ψ2)

)
+λρση

[
(2α + 1) exp

(
ασ2

η

2 (1− ψ2)

)
− 1

]
exp

(
(2α+ 1)ω

2 (1− ψ)
+

(4α2 + 1) σ2
η

8 (1− ψ2)

)
+

{(
1 + ρ2σ2

η

)
exp

(
σ2
η

4 (1− ψ2)

)
− (ρση)

2

4

}
exp

(
ω

(1− ψ)
+

σ2
η

4 (1− ψ2)

)
Now in the model of Koopman and Uspensky (2002) [51] we have ρ = 0

and it follows that that the autocorrelation functions of the SV2-M model
is the same as for the SV1-M one (see equation 3.8) and consequently,
Corr (yt, yt−k) can be only positive. The same is true in the case of JPR,
where we have that λ = 0, i.e.

Corr (yt, yt−k) =
1

4
(ρση)

2

(
ψk + 1

)
exp

(
ψkσ2

η

4(1−ψ2)

)
− 1(

1 + ρ2σ2
η

)
exp

(
σ2
η

4(1−ψ2)

)
− (ρση)

2

4

,

and Corr (yt, yt−k) can be only positive. However, in this case, i.e. if λ = 0,
the autocorrelations of the observed process for the SV1-M model is zero.

For the leverage e�ect we get

Corr
(
σ2
t , σt−kεt−k

)
=

1

2
ρση

(
2ψk + 1

)
exp

[
ψkσ2

η

2(1−ψ2)

]
− 1√[

exp
(

σ2
η

(1−ψ2)

)
− 1
] [(

1 + (ρση)
2) exp( σ2

η

4(1−ψ2)

)
−
(
1
2
ρση
)2] ,

which is negative provided that ρ < 0, something which also is true for the
SV1-M model (see equation 2.8).

For the SV2-M model the dynamic asymmetry is very complicated for
the full model and it is presented in Appendix B (equation 3.15). Now for
the Koopman and Uspensky (2002) [51] model, i.e. for ρ = 0 and c ̸= 0, we
get that Cov (y2t , yt−k) for the model are the same as for the SV1-M model.
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For λ = 0 but ρ ̸= 0 and c ̸= 0 we get

Cov
(
y2t , yt−k

)
=
ρση
2

(
1 + (ρση)

2) [(2ψk + 1
)
exp

(
ψkσ2

η

2 (1− ψ2)

)
− 1

]

× exp

(
3ω

2 (1− ψ)
+

5σ2
η

8 (1− ψ2)

)
+c

(ρση)
2

2

[(
ψk + 1

)
exp

(
ψkσ2

η

4 (1− ψ2)

)
− 1

]
exp

(
ω

(1− ψ)
+

σ2
η

4 (1− ψ2)

)

+λ (ρση)
2 (2α+ 1)

2

{[
(2α + 1)ψk + 1

]
exp

(
(2α + 1)ψkσ2

η

4 (1− ψ2)

)
− 1

}
.

× exp

(
(α + 1)ω

(1− ψ)
+

(
(2α + 1)2 + 1

)
σ2
η

8 (1− ψ2)

)

and Cov (y2t , yt−k) has probably the sign of ρ.
The stochastic volatility process is the same for the two model. Con-

sequently the volatility clustering is given by equation 2.9 for the SV2-M
model, as well.

Again, the dynamic kurtosis is very complicated. In Appendix B the auto-
covariances, Corr

(
y2t , y

2
t−k
)
, and the variance V (y2t ) are presented. Further

if λ = c = 0, as in JPR, we get

Corr
(
y2t , y

2
t−k
)
=

(
1 + (ρση)

2){(1 + ((ψk + 1
)
ρση
)2)

exp
(

ψkσ2
η

(1−ψ2)

)
−
(
1 + (ρση)

2)}[
3 + 24 (ρση)

2 + 16 (ρση)
4] exp( σ2

η

(1−ψ2)

)
−
(
1 + (ρση)

2)2 ,

which is positive for any k.
For c ̸= 0 and ρ = 0, as in Koopman and Uspensky (2002) [51], the

Covv
(
y2t , y

2
t−k
)
and V (y2t ) are the same as for the SV1 process and are pre-

sented in Appendix A.. The same applies for the case of c = ρ = 0.

3 Comparisons and Conclusions

Overall, the SV2-PM model exhibits more intricate static and dynamic mo-
ment structures compared to the SV1-PM model. This added complexity
stems from the contemporaneous correlation between the in-mean error and
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the conditional variance in the SV2-PM speci�cation when ρ ̸= 0. When
ρ = 0, however, the two models produce identical static and dynamic mo-
ments, making them observationally indistinguishable.

For the remainder of this section, we assume λ > 0 to represent a positive
price of risk, ρ < 0 to capture the leverage e�ect, and c = 0 to ensure market
e�ciency. Under these assumptions, the expected return E (yt) is positive in
the SV1-M model, while it may be either positive or negative in the SV2-PM
model. Additionally, in the SV2-PM model, the variance of the observed
process is in�uenced by both λ and ρ.

When λ = 0 but ρ ̸= 0, the skewness of the observed process is zero
in the SV1-M model, yet negative in the SV2-M model. More generally,
when both λ ̸= 0 and ρ ̸= 0, the skewness of the observed series can take
on either sign, though the skewness of the mean error remains de�nitively
negative. For example, using parameter estimates from JBR (Table 4, weakly
equal-weighted NYSE returns), the skewness of the data is estimated at
�0.54. Notably, JBR assumes a fat-tailed distribution for the mean error,
giving the SV2-PM model a comparative advantage: it can replicate negative
skewness in returns without imposing asymmetry on the standardized error
distribution (see, e.g., Harvey and Palumbo 2023 [40]; Blasques, Francq, and
Laurent 2023 [15]).

Regarding kurtosis, when λ = 0, the kurtosis of the observed process
equals that of the mean error in the SV1-PM model. By contrast, in the
SV2-PM model, the kurtosis of the observed process is lower than that of the
mean error.

Autocorrelations, Corr (yt, yt−k), can be positive or negative in both mod-
els depending on the relative magnitudes of ρ and λ. When λ = 0, auto-
correlations vanish in the SV1-M model but remain strictly positive in the
SV2-PM model.

The leverage e�ect, measured by Corr
(
σ2
t , ε

∗
t−k
)
, is negative in both mod-

els and disappears when ρ = 0. Dynamic asymmetries can be either positive
or negative, depending on the interaction between ρ and λ. However, in the
SV1-PM model, if the autocorrelations of the observed process are negative,
dynamic asymmetries are also negative. When λ = 0 and ρ ̸= 0, both models
exhibit negative dynamic asymmetries. Importantly, the two models share
identical expressions for volatility clustering, i.e., Corr

(
σ2
t , σ

2
t−k
)
.

Table 1 reports estimated moments for the SV1-PM model based on pa-
rameter values treated as true. The �rst three columns use restricted esti-
mates with c = λ = 0, taken from Yu (2005) [72] (Table 1) and Asai and
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McAleer (2011) [9] (Table 2). As predicted by the theory in Sections 2.1.1 and
2.1.2, both skewness and autocorrelations are zero in this setup. Columns 4
and 5 use full-model estimates from Arvanitis and Demos (2024) [8], yielding
non-zero skewness and small positive autocorrelations. Interestingly, both
full-model estimates report positive skewness coe�cients.

Table 1. Estimated Moments for SV1-PM Models

Yu AM AD
S&P S&P Topix S&P DAX

sk (yt) 0 0 0 0.027 0.037
κ (yt) 4.497 3.536 4.025 5.178 5.478

Cor (yt, yt−1) 0 0 0 -0.004 -0.003
Cor (yt, yt−2) 0 0 0 -0.003 -0.003
Cor

(
σ2
t , ε

∗
t−1

)
-0.078 -0.154 -0.176 -0.213 -0.140

Cor
(
σ2
t , ε

∗
t−2

)
-0.075 -0.152 -0.166 -0.197 -0.139

Cor (y2t , yt−1) -0.029 -0.060 -0.059 -0.082 -0.050
Cor (y2t , yt−1) -0.002 -0.040 -0.055 -0.075 -0.046
Cor

(
y2t , y

2
t−1

)
0.139 0.071 0.110 0.163 0.169

Cor
(
y2t , y

2
t−2

)
0.134 0.070 0.104 0.150 0.159

Table 2 presents moment estimates for several SV2-PMmodel variants. In
Columns 1 and 2, based on Koopman and Uspensky (2002) [51], where ρ = 0,
the leverage e�ect is absent and autocorrelations, though small, are positive.
Koopman and Uspensky originally incorporated an additional AR(1) com-
ponent to capture autocorrelation, which is excluded here. Columns 3 and 4
use restricted estimates from Yu (2005) [72] and Jacquier, Polson, and Rossi
(2005) [48], both with c = λ = 0. Consistent with Section 2.2.2, the observed
process shows positive autocorrelations and a negative leverage e�ect. In all
four SV2-M cases, the estimated skewness is negative.

Table 2. Estimated Moments for SV2-PM Models
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KU Yu JPR
FT S&P S&P VW

sk (yt) -0.0234 -0.040 -0.131 -0.502
κ (yt) 5.425 4.975 4.487 5.789

Cor (yt, yt−1) 0.000 0.000 0.000 0.004
Cor (yt, yt−2) 0.000 0.000 0.000 0.003
Cor

(
σ2
t , ε

∗
t−1

)
0 0 -0.061 -0.172

Cor
(
σ2
t , ε

∗
t−2

)
0 0 -0.059 -0.160

Cor (y2t , yt−1) -0.003 -0.007 -0.023 -0.063
Cor (y2t , yt−2) -0.001 -0.006 -0.011 -0.058
Cor

(
y2t , y

2
t−1

)
0.173 0.158 0.148 0.166

Cor
(
y2t , y

2
t−2

)
0.169 0.153 0.138 0.153

To summarize, both models can replicate key empirical features of �nan-
cial return series, depending on parameter values. However, the SV2-PM
model�particularly in its unrestricted form�exhibits greater moment com-
plexity. A distinct advantage of SV2-PM is its ability to capture negative
return skewness without resorting to asymmetric standardized error distri-
butions.

A potential extension for both models involves introducing autocorrela-
tion in the standardized mean error, such as through an ARMA speci�cation.
While this would further complicate the moment structure, it may enhance
model �t.
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Appendix A

Static Moments

From Demos 2002 [23] we get:

A
(s,d)
k,i = ρϕη (sψi+k + dψi) = B

(s,d)
k,i

Γ
(s,d)
k,i =

ϕ2
η

2
(sψi+k + dψi)

2 = ∆
(s,d)
k,i

ϖ
(s,d)
k =

∞∏
i=0

[
Φ
(
A

(s,d)
k,i

)
exp

(
Γ

(s,d)
k,i

)
+ exp

(
∆

(s,d)
k,i

)
Φ
(
−B(s,d)

k,i

)]
(3.1)

=
∞∏
i=0

{
exp

(
Γ

(s,d)
k,i

) [
Φ
(
A

(s,d)
k,i

)
+ Φ

(
−B(s,d)

k,i

)]}
= exp

(
∞∑
i=0

Γ
(s,d)
k,i

)

= exp

(
ϕ2
η

2

∞∑
i=0

(
sψi+k + dψi

)2)
= exp

(
ϕ2
η

(
sψk + d

)2
2

∞∑
i=0

ψ2i

)
= exp

(
ϕ2
η

(
sψk + d

)2
2 (1− ψ2)

)

Λs(k−1) =
k−1∏
i=0

[
Φ
(
A

(0,s)
0,i

)
exp

(
Γ

(0,s)
0,i

)
+ exp

(
∆

(0,s)
0,i

)
Φ
(
−B(0,s)

0,i

)]
=

k−1∏
i=0

exp
(
Γ

(0,s)
0,i

)
= exp

k−1∑
i=0

(
ϕ2
η

2
s2ψ2

i

)
By employing the above formulae we get:

E
(
σ2s
t σ

2d
t−k
)
= exp

[
(s+ d)

ω

1− ψ

]
ϖ

(s,d)
k Λs(k−1) (3.2)

= exp

[
(s+ d)ω

1− ψ
+
σ2
η

(
sψk + d

)2
2 (1− ψ2)

+
σ2
ηs

2

2

k−1∑
i=0

ψ2i

]

= exp

[
(s+ d)ω

(1− ψ)
+
σ2
η

(
2sdψk + d2 + s2

)
2 (1− ψ2)

]
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Now from Demos 2002 [23], again,

Ds
k−1 = A

(0,s)
0,k−1Φ

(
A

(0,s)
0,k−1

)
exp

(
Γ

(0,s)
0,k−1

)
+B

(0,s)
0,k−1 exp

(
∆

(0,s)
0,k−1

)
Φ
(
−B(0,s)

0,k−1

)
= A

(0,s)
0,k−1 exp

(
Γ

(0,s)
0,k−1

)
= sρϕηψ

k−1 exp

(
ϕ2
η

2
s2ψ2k−2

)

Y s
k−1 = Φ

(
A

(0,s)
0,k−1

)
exp

(
Γ

(0,s)
0,k−1

)
+ exp

(
∆

(0,s)
0,k−1

)
Φ
(
−B(0,s)

0,k−1

)
= exp

(
Γ

(0,s)
0,k−1

)
= exp

(
ϕ2
η

2
s2ψ2k−2

)

F s
k−1 =

(
A

(0,s)
0,k−1

)2
Φ
(
A

(0,s)
0,k−1

)
exp

(
Γ

(0,s)
0,k−1

)
+
(
B

(0,s)
0,k−1

)2
exp

(
∆

(0,s)
0,k−1

)
Φ
(
−B(0,s)

0,k−1

)
=
(
A

(0,s)
0,k−1

)2
exp

(
Γ

(0,s)
0,k−1

)
= s2ρ2ϕ2

ηψ
2k−2 exp

(
ϕ2
η

2
s2ψ2k−2

)

E
(
σ2s
t σ

2d
t−kεt−k

)
= E

(
σ2s
t σ

2d
t−k
)
Ds
k−1

(
Y s
k−1

)−1
and

E
(
σ2s
t σ

2d
t−kε

2
t−k
)
= E

(
σ2s
t σ

2d
t−k
) [

1 + F s
k−1

(
Y s
k−1

)−1
]

Hence, employing the above formulae we get

E (σtσt−kεt−k) =
1

2
ρσηψ

k−1 exp

[
ω

1− ψ
+
σ2
η

(
ψk + 1

)
4 (1− ψ2)

]

E
(
σ2
t σt−kεt−k

)
= ρσηψ

k−1 exp

[
3

2

ω

1− ψ
+
σ2
η

(
4ψk + 5

)
8 (1− ψ2)

]

E
(
σtσ

2
t−kεt−k

)
=

1

2
ρσηψ

k−1 exp

[
3

2

ω

1− ψ
+
σ2
η

(
4ψk + 5

)
8 (1− ψ2)

]
=

1

2
E
(
σ2
t σt−kεt−k

)
E
(
σ2
t σ

2
t−kεt−k

)
= ρσηψ

k−1 exp

[
2

ω

1− ψ
+
σ2
η

(
ψk + 1

)
(1− ψ2)

]
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E
(
σ2s
t σ

2d
t−kεt−k

)
= exp

(
(s+ d)ω

(1− ψ)
+
ϕ2
η

(
sψk + d

)2
2 (1− ψ2)

)
exp

(
k−1∑
i=0

ϕ2
η

2
s2ψ2

i

)

×sρϕηψk−1
exp

(
ϕ2η
2
s2ψ2k−2

)
exp

(
ϕ2η
2
s2ψ2k−2

)
= sρσηψ

k−1 exp

[
(s+ d)ω

(1− ψ)
+
σ2
η

(
2sdψk + d2 + s2

)
2 (1− ψ2)

]
(3.3)

and

E
(
σ2s
t σ

2d
t−kε

2
t−k
)
= exp

(
(s+ d)ω

(1− ψ)
+
σ2
η

(
sψk + d

)2
2 (1− ψ2)

)
exp

(
k−1∑
i=0

σ2
η

2
s2ψ2

i

)

×

1 + s2ρ2σ2
ηψ

2k−2
exp

(
σ2
η

2
s2ψ2k−2

)
exp

(
σ2
η

2
s2ψ2k−2

)


=
(
1 + s2ρ2σ2

ηψ
2k−2

)
exp

[
(s+ d)ω

(1− ψ)
+
σ2
η

(
2sdψk + d2 + s2

)
2 (1− ψ2)

]
(3.4)

Now

E (σt) = exp

[
ω

2 (1− ψ)
+

σ2
η

8 (1− ψ2)

]
, E

(
σ2
t

)
= exp

[
ω

(1− ψ)
+

σ2
η

2 (1− ψ2)

]
E
(
σ3
t

)
= exp

[
3

2

ω

(1− ψ)
+

9σ2
η

8 (1− ψ2)

]
, and E

(
σ4
t

)
= exp

[
2

ω

(1− ψ)
+

2σ2
η

(1− ψ2)

]
.

E
(
σ2s
t

)
= exp

[
sω

(1− ψ)
+

s2σ2
η

2 (1− ψ2)

]
(3.5)

Hence it follows that

V (ε∗t ) = E
(
ε2tσ

2
t

)
= E

(
σ2
t

)
= exp

[
ω

1− ψ
+

σ2
η

2 (1− ψ2)

]
,

sk (ε∗t ) = 0

and

κ (ε∗t ) =
3E (σ4

t )

(V (εtσt))
2 = 3 exp

[
σ2
η

(1− ψ2)

]
> 3.
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Further, employing equation 3.5, we get

E (yt) = c+ λ1E
(
σ2α
t

)
= c+ λ1 exp

[
αω

(1− ψ)
+

α2σ2
η

2 (1− ψ2)

]
and

V (yt) = E (yt − E (yt))
2 = E

[
λ1 (σ

2α
t − E (σ2α

t )) + εtσt
]2

=

= λ21E
(
σ4α
t

)
− λ21E

2
(
σ2α
t

)
+ E

(
σ2
t

)
= λ21

{
exp

[
α2σ2

η

(1− ψ2)

]
− 1

}
exp

[
2αω

(1− ψ)
+

α2σ2
η

(1− ψ2)

]
+ exp

[
ω

(1− ψ)
+

σ2
η

2 (1− ψ2)

]
.

N0otice that

V (yt)

V (ε∗t )
= 1 +

λ2
{
exp

[
2α2σ2

η

2(1−ψ2)

]
− 1
}
exp

[
2αω

(1−ψ) +
2α2σ2

η

2(1−ψ2)

]
exp

[
ω

1−ψ +
σ2
η

2(1−ψ2)

] > 1.

Now notice that

E
(
y2t
)
= E

(
c+ λσ2α

t + εtσt
)2

=

= c2 + λ2E
(
σ4α
t

)
+ E

(
σ2
t

)
+ 2cλE

(
σ2α
t

)
= c2 + λ

{
λ exp

[
αω

(1− ψ)
+

3α2σ2
η

2 (1− ψ2)

]
+ 2c

}
exp

[
αω

(1− ψ)
+

α2σ2
η

2 (1− ψ2)

]
+exp

[
ω

(1− ψ)
+

σ2
η

2 (1− ψ2)

]
Further,

V
(
y2t
)
= E

(
y4t − E2

(
y2t
))

=

= E
((
c+ λσ2α

t + εtσt
)4)− (c2 + λ2E

(
σ4α
t

)
+ E

(
σ2
t

)
+ 2cλE

(
σ2α
t

))2
=

= λ4
[
E
(
σ8α
t

)
− E2

(
σ4α
t

)]
+ 4c2λ2

[
E
(
σ4α
t

)
− E2

(
σ2α
t

)]
+4cλ3

[
E
(
σ6α
t

)
− E

(
σ4α
t

)
E
(
σ2α
t

)]
+ 4c2E

(
σ2
t

)
+4cλ

[
3E
(
σ2α+2
t

)
− E

(
σ2α
t

)
E
(
σ2
t

)]
+ 3E

(
σ2α+2
t

)
− E

(
σ2α
t

)
E
(
σ2
t

)
+2λ2

[
3E
(
σ4α+2
t

)
− E

(
σ4α
t

)
E
(
σ2
t

)]
+ 3E

(
σ4
t

)
− E2

(
σ2
t

)
.

20



Hence

V
(
y2t
)
= λ4

{
exp

[
4α2σ2

η

(1− ψ2)

]
− 1

}
exp

[
4αω

(1− ψ)
+

4α2σ2
η

(1− ψ2)

]
(3.6)

+4cλ3
{
exp

[
2α2σ2

η

(1− ψ2)

]
− 1

}
exp

[
3αω

(1− ψ)
+

5α2σ2
η

2 (1− ψ2)

]
+4cλ

{
3 exp

[
ασ2

η

(1− ψ2)

]
− 1

}
exp

[
(α + 1)ω

(1− ψ)
+

(α2 + 1) σ2
η

2 (1− ψ2)

]
+4c2λ2

{
exp

[
α2σ2

η

(1− ψ2)

]
− 1

}
exp

[
2αω

(1− ψ)
+

α2σ2
η

(1− ψ2)

]
+2λ2

{
3 exp

[
2ασ2

η

(1− ψ2)

]
− 1

}
exp

[
(2α + 1)ω

(1− ψ)
+

(4α2 + 1) σ2
η

2 (1− ψ2)

]
+4c2 exp

[
ω

(1− ψ)
+

σ2
η

2 (1− ψ2)

]
+

{
3 exp

[
σ2
η

(1− ψ2)

]
− 1

}
exp

[
2ω

(1− ψ)
+

σ2
η

(1− ψ2)

]
.

Further

E (yt − E (yt))
3 = E

[
λ1 (σ

2α
t − E (σ2α

t )) + λ2 (ε
2
t − 1) σ2

t + εtσt
]3

= λ31E
[
[(σ2α

t − E (σ2α
t ))]

3 ]+ 3λ1λ2E
[
[(σ2α

t − E (σ2α
t ))]

2
(ε2t − 1) σ2

t

]
+3E

[
[λ1 (σ

2α
t − E (σ2α

t ))]
2
εtσt

]
+E

[
3
[
λ1
(
σ2α
t − E

(
σ2α
t

))] [
λ2
(
ε2t − 1

)
σ2
t + εtσt

]2
+
[
λ2
(
ε2t − 1

)
σ2
t + εtσt

]3]
= λ3

[
E
(
σ6α
t

)
− 3E

(
σ4α
t

)
E
(
σ2α
t

)
+ 2E3

(
σ2α
t

)]
+ 3λ

[
E
(
σ2α+2
t

)
− E

(
σ2α
t

)
E
(
σ2
t

)]

sk (yt) = λ
λ2
{
exp

[
3α2σ2

η

(1−ψ2)

]
− 3 exp

[
α2σ2

η

(1−ψ2)

]
+ 2
}
exp

[
3αω

(1−ψ) +
3α2σ2

η

2(1−ψ2)

]
A3/2

.

+λ

3
{
exp

[
ασ2

η

(1−ψ2)

]
− 1
}
exp

[
(α+1)ω
(1−ψ) +

(α2+1)σ2
η

2(1−ψ2)

]
A3/2

,

where

A = λ2
{
exp

[
α2σ2

η

(1− ψ2)

]
− 1

}
exp

[
2αω

(1− ψ)
+

α2σ2
η

(1− ψ2)

]
+ exp

[
ω

(1− ψ)
+

σ2
η

2 (1− ψ2)

]
.

Notice that for α = 0.5 or α = 1 we have that the numerator is positive

provided that exp
[

3α2σ2
η

(1−ψ2)

]
−3 exp

[
α2σ2

η

(1−ψ2)

]
+2 > 0, which is, in general, true.
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Hence, in this case, the skewness coe�cient sk (yt) has the sign of λ, i.e.
positive under the assumption of positive price of risk.

Now

E (yt − E (yt))
4 = E

(
λ4
[
σ2α
t − E

(
σ2α
t

)]4
+ 4λ3

[
σ2α
t − E

(
σ2α
t

)]3
εtσt

)
+E

(
6λ2

[
σ2α
t − E

(
σ2α
t

)]2
ε2tσ

2
t + 4

[
σ2α
t − E

(
σ2α
t

)]
ε3tσ

3
t + ε4tσ

4
t

)
= λ4

[
E
(
σ8α
t

)
− 4E

(
σ6α
t

)
E
(
σ2α
t

)
+ 6E

(
σ4α
t

)
E2
(
σ2α
t

)
− 3E4

(
σ2α
t

)]
+6λ2

[
E
(
σ4α+2
t

)
− 2E

(
σ2α+2
t

)
E
(
σ2α
t

)
+ E

(
σ2
t

)
E2
(
σ2α
t

)]
+ 3E

(
σ4
t

)
,

and it follows

κ (yt) =
λ4
{
exp

[
6α2σ2

η

(1−ψ2)

]
− 4 exp

[
α2σ2

η

(1−ψ2)

]
+ 6 exp

[
α2σ2

η

(1−ψ2)

]
− 3
}
exp

[
4αω

(1−ψ) +
2α2σ2

η

(1−ψ2)

]
A2

+

6λ2
{{

exp
[
α(α+1)σ2

η

(1−ψ2)

]
− 2
}
exp

[
ασ2

η

(1−ψ2)

]
+ 1
}
exp

[
(2α+1)ω
(1−ψ) +

(2α2+1)σ2
η

2(1−ψ2)

]
A2

,

+3
exp

[
2ω

(1−ψ) +
4σ2

η

2(1−ψ2)

]
A2

where now

A = λ2
{
exp

[
α2σ2

η

(1− ψ2)

]
− 1

}
exp

[
2αω

(1− ψ)
+

α2σ2
η

(1− ψ2)

]
+exp

[
ω

(1− ψ)
+

σ2
η

2 (1− ψ2)

]
.

Now for α = 0.5we get

κ (yt) =
(λ4 + 6λ2 + 3) exp

[
3σ2

η

2(1−ψ2)

]
{
(λ2 + 1) exp

[
σ2
η

4(1−ψ2)

]
− λ2

}2

+λ2
6 (λ2 + 1) exp

[
σ2
η

4(1−ψ2)

]
− 4 (λ2 + 3) exp

[
3σ2

η

4(1−ψ2)

]
− 3λ2{

(λ2 + 1) exp
[

σ2
η

4(1−ψ2)

]
− λ2

}2 . (3.7)

Notice that

κ (yt)− κε∗t = λ2
(
A2 − 1

)2 (−2A3 + 3A+ 3) (A− 1)λ2 + 6A

[(λ2 + 1)A− λ2]2

where A = exp

[
σ2
η

4 (1− ψ2)

]
.
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It is possible that κ (yt) − κε∗t can positive or negative, i.e. the presence of
the price of risk, λ, could either increase or decrease the kurtosis coe�cient
of the data. However, for plausible values of the parameters, it is clear that
the price of risk increases the kurtosis of the data.

Dynamic Moments

For the dynamic properties of yt we get that:

Cov (yt, yt−k) = E
((
λ
[
σ2α
t − E

(
σ2α
t

)]
+ εtσt

) (
λ
[
σ2α
t−k − E

(
σ2α
t−k
)]

+ εt−kσt−k
))

= E
(
λ2
[
σ2α
t − E

(
σ2α
t

)] [
σ2α
t−k − E

(
σ2α
t−k
)]

+ λ
[
σ2α
t − E

(
σ2α
t

)]
εt−kσt−k

)
+E

(
λ
[
σ2α
t−k − E

(
σ2α
t−k
)]
εtσt + εtσtεt−kσt−k

)
= λ2

[
E
(
σ2α
t σ

2α
t−k
)
− E

(
σ2α
t

)
E
(
σ2α
t−k
)]

+ λE
(
σ2α
t σt−kεt−k

)
= λ2

[
exp

[
α2ψkσ2

η

(1− ψ2)

]
− 1

]
exp

[
2αω

(1− ψ)
+

α2σ2
η

(1− ψ2)

]

+λαρσηψ
k−1 exp

[
(2α + 1)ω

2 (1− ψ)
+
σ2
η

(
4α2 + 4αψk + 1

)
8 (1− ψ2)

]
.

Notice that for ρ = 0we have

Corr (yt, yt−k) =
λ2
[
exp

[
2α2ψkσ2

η

2(1−ψ2)

]
− 1
]
exp

[
2αω

(1−ψ) +
α2σ2

η

(1−ψ2)

]
λ2
{
exp

[
α2σ2

η

(1−ψ2)

]
− 1
}
exp

[
2αω

(1−ψ) +
α2σ2

η

(1−ψ2)

]
+ exp

[
ω

(1−ψ) +
σ2
η

2(1−ψ2)

] .
(3.8)

Now, given that

Cov
(
σ2
t , ε

∗
t−k
)
= E

(
σ2
t ε

∗
t−k
)
= E

(
σ2
t σt−kεt−k

)
= ρσηψ

k−1 exp

[
3

2

ω

(1− ψ)
+
σ2
η

(
4ψk + 5

)
8 (1− ψ2)

]
,
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the leverage is given by

Corr
(
σ2
t , ε

∗
t−k
)
=

ρσηψ
k−1 exp

[
3
2

ω
(1−ψ) +

σ2
η(4ψk+5)
8(1−ψ2)

]
√
V (σ2

t )V
(
ε∗t−k

)
=
ρσηψ

k−1 exp
[

4ψk−1
8(1−ψ2)

σ2
η

]
√

exp
[

σ2
η

(1−ψ2)

]
− 1

.

Dynamic Asymmetry

First notice that

Cov
(
y2t , yt−k

)
= E

([
y2t − E

(
y2t
)]

[yt−k − E (yt−k)]
)
=

= λ3
(
E
(
σ4α
t σ

2α
t−k
)
− E

(
σ4α
t

)
E
(
σ2α
t−k
))

+ λ
(
E
(
σ2
t σ

2α
t−k
)
− E

(
σ2
t

)
E
(
σ2α
t−k
))

+2cλ2
(
E
(
σ2α
t σ

2α
t−k
)
− E

(
σ2α
t

)
E
(
σ2α
t−k
))

+ λ2E
(
σ4α
t εt−kσt−k

)
+E

(
σ2
t εt−kσt−k

)
+ 2cλE

(
σ2α
t εt−kσt−k

)
,

and employing equations 3.2, 3.3 and 3.4 we get

Cov
(
y2t , yt−k

)
= λ3

(
exp

[
2α2ψkσ2

η

(1− ψ2)

]
− 1

)
exp

[
3αω

(1− ψ)
+

5α2σ2
η

2 (1− ψ2)

]

+2λ2αρσηψ
k−1 exp

[
(4α + 1)ω

2 (1− ψ)
+
σ2
η

(
8αψk + 1 + 16α2

)
8 (1− ψ2)

]

+2cλαρσηψ
k−1 exp

[
(2α + 1)ω

2 (1− ψ)
+
σ2
η

(
4αψk + 1 + 4α2

)
8 (1− ψ2)

]

+λ

(
exp

[
αψkσ2

η

(1− ψ2)

]
− 1

)
exp

[
(α + 1)ω

(1− ψ)
+

(α2 + 1) σ2
η

2 (1− ψ2)

]

+2cλ2

(
exp

[
α2ψkσ2

η

(1− ψ2)

]
− 1

)
exp

[
2αω

(1− ψ)
+

α2σ2
η

(1− ψ2)

]

+ρσηψ
k−1 exp

[
3ω

2 (1− ψ)
+
σ2
η

(
4ψk + 5

)
8 (1− ψ2)

]
.
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For λ = 0 we get

Corr
(
y2t , yt−k

)
= ρσηψ

k−1

exp

[
ω

2(1−ψ) +
σ2
η(4ψk+1)
8(1−ψ2)

]
√
4c2 +

{
3 exp

[
σ2
η

(1−ψ2)

]
− 1
}
exp

[
ω

(1−ψ) +
σ2
η

2(1−ψ2)

] .
For ρ = 0 we get

Cov
(
y2t , yt−k

)
= λ3

(
exp

[
2α2ψkσ2

η

(1− ψ2)

]
− 1

)
exp

[
3αω

(1− ψ)
+

5α2σ2
η

2 (1− ψ2)

]
(3.9)

+λ

(
exp

[
αψkσ2

η

(1− ψ2)

]
− 1

)
exp

[
(α + 1)ω

(1− ψ)
+

(α2 + 1) σ2
η

2 (1− ψ2)

]

+2cλ2

(
exp

[
α2ψkσ2

η

(1− ψ2)

]
− 1

)
exp

[
2αω

(1− ψ)
+

α2σ2
η

(1− ψ2)

]
.

For c = 0

Cov
(
y2t , yt−k

)
= λ3

(
exp

[
2α2ψkσ2

η

(1− ψ2)

]
− 1

)
exp

[
3αω

(1− ψ)
+

5α2σ2
η

2 (1− ψ2)

]

+λ

(
exp

[
αψkσ2

η

(1− ψ2)

]
− 1

)
exp

[
(α + 1)ω

(1− ψ)
+

(α2 + 1) σ2
η

2 (1− ψ2)

]

+2λ2αρσηψ
k−1 exp

[
(4α + 1)ω

2 (1− ψ)
+
σ2
η

(
5αψk + 7α2 + 1

)
8 (1− ψ2)

]

+ρσηψ
k−1 exp

[
3ω

2 (1− ψ)
+
σ2
η

(
4ψk + 5

)
8 (1− ψ2)

]
.

Notice that it is possible to have Cov (y2t , yt−k) > 0 for ρ < 0, i.e. to have
the leverage e�ect, but positive dynamic asymmetry.
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Volatility Clustering

As

Cov (σt, σt−k) =

{
exp

[
σ2
ηψ

k

4 (1− ψ2)

]
− 1

}
exp

[
ω

(1− ψ)
+

σ2
η

4 (1− ψ2)

]
,

Cov
(
σ2
t , σt−k

)
=

{
exp

[
σ2
ηψ

k

2 (1− ψ2)

]
− 1

}
exp

[
3ω

2 (1− ψ)
+

5σ2
η

8 (1− ψ2)

]
= Cov

(
σt, σ

2
t−k
)

and

Cov
(
σ2
t , σ

2
t−k
)
=

{
exp

[
σ2
ηψ

k

(1− ψ2)

]
− 1

}
exp

[
2ω

(1− ψ)
+

σ2
η

(1− ψ2)

]
,

and it follows that

Corr
(
σ2
t , σ

2
t−k
)
=

exp
[
σ2
ηψ

k

(1−ψ2)

]
− 1

exp
[

σ2
η

(1−ψ2)

]
− 1

.

Further

Cov
(
ε∗t

2, ε∗t−k
2
)
= Cov

(
ε2tσ

2
t , ε

2
t−kσ

2
t−k
)
= E

(
ε2tσ

2
t ε

2
t−kσ

2
t−k
)
− E2

(
ε2tσ

2
t

)
= E

(
σ2
t ε

2
t−kσ

2
t−k
)
− E2

(
σ2
t

)
=

{(
1 + ρ2σ2

ηψ
2k−2

)
exp

[
σ2
ηψ

k

(1− ψ2)

]
− 1

}
exp

[
2ω

(1− ψ)
+

σ2
η

(1− ψ2)

]
and

Corr
(
ε∗t

2, ε∗t−k
2
)
=

{(
1 + ρ2σ2

ηψ
2k−2

)
exp

[
σ2
ηψ

k

(1−ψ2)

]
− 1
}
exp

[
2ω

(1−ψ) +
σ2
η

(1−ψ2)

]
{
3 exp

[
σ2
η

(1−ψ2)

]
− 1
}
exp

[
2ω
1−ψ +

σ2
η

(1−ψ2)

]
=

(
1 + ρ2σ2

ηψ
2k−2

)
exp

[
σ2
ηψ

k

(1−ψ2)

]
− 1

3 exp
[

σ2
η

(1−ψ2)

]
− 1
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Dynamic Kurtosis

Now as

Cov (εtσt, f (εt−k, σt−k)) = 0, Cov
(
εtσ

2α
t , f (εt−k, σt−k)

)
= 0 and

Cov
(
ε2tσ

2
t , f (εt−k, σt−k)

)
= Cov

(
σ2
t , f (εt−k, σt−k)

)
,

we get that

Cov
(
y2t , y

2
t−k
)
= λ4Cov

(
σ4α
t , σ

4α
t−k
)
+ λ2Cov

(
σ4α
t , σ

2
t−kε

2
t−k
)
+ 2cλ3Cov

(
σ4α
t , σ

2α
t−k
)

+2cλ2E
(
σ4α
t σt−kεt−k

)
+ 2λ3E

(
σ4α
t σ

2α+1
t−k εt−k

)
+ λ2Cov

(
σ2
t , σ

4α
t−k
)
+ Cov

(
σ2
t , σ

2
t−kε

2
t−k
)

+2cλCov
(
σ2
t , σ

2α
t−k
)
+ 2cE

(
σ2
t σt−kεt−k

)
+ 2λE

(
σ2
t σ

2α+1
t−k εt−k

)
+ 2cλ3Cov

(
σ2α
t , σ

4α
t−k
)

+2cλCov
(
σ2α
t , σ

2
t−kε

2
t−k
)
+ 4c2λ2Cov

(
σ2α
t , σ

2α
t−k
)
+ 4c2λE

(
σ2α
t σt−kεt−k

)
+4cλ2E

(
σ2α
t σ

2α+1
t−k εt−k

)
,

and employing equations 3.2, 3.5, 3.3 and 3.4 we get
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Cov
(
y2t , y

2
t−k
)
= λ4

{
exp

[
4α2ψkσ2

η

(1− ψ2)

]
− 1

}
exp

[
4αω

(1− ψ)
+

4α2σ2
η

(1− ψ2)

]

+2λ2

{(
1 + 2α2ρ2σ2

ηψ
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)
exp

[
2αψkσ2

η

(1− ψ2)

]
− 1

}
exp

[
(2α + 1)ω

(1− ψ)
+
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η

2 (1− ψ2)

]

+4cλ3

{
exp

[
2α2ψkσ2

η

(1− ψ2)

]
− 1

}
exp

[
3αω

(1− ψ)
+

5α2σ2
η

2 (1− ψ2)

]

+4λ3αρσηψ
k−1 exp

[
(6α + 1)ω

2 (1− ψ)
+
σ2
η

(
8α (2α + 1)ψk + (2α + 1)2 + 16α2

)
8 (1− ψ2)

]

+4cλ2αρσηψ
k−1A exp

[
(4α + 1)ω

2 (1− ψ)
+
σ2
η

(
4αψk + 1 + 8α2

)
8 (1− ψ2)

]

+

{(
1 + ρ2σ2

ηψ
2k−2

)
exp

[
ψkσ2

η

(1− ψ2)

]
− 1

}
exp

[
2ω

(1− ψ)
+

σ2
η

(1− ψ2)

]
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{(
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ηψ
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)
exp

[
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η

(1− ψ2)

]
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}
exp
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(1− ψ)
+

(α2 + 1) σ2
η

2 (1− ψ2)

]

+2ρσηψ
k−1

{
λ exp

[
αω

(1− ψ)
+
α
(
2ψk + α + 1

)
σ2
η

2 (1− ψ2)

]
+ c

}
exp

[
3ω

2 (1− ψ)
+
σ2
η

(
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)
8 (1− ψ2)

]

+4c2λ2

{
exp

[
α2ψkσ2

η

(1− ψ2)

]
− 1

}
exp

[
2αω

(1− ψ)
+

α2σ2
η
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]
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k−1 exp

[
(2α + 1)ω

2 (1− ψ)
+
σ2
η

(
4αψk + 1 + 4α2

)
8 (1− ψ2)

]
,

where

A = exp

[
α
(
ψk + 2α

)
σ2
η

2 (1− ψ2)

]
+ exp

[
α
(
2αψk + 1

)
σ2
η

2 (1− ψ2)

]
.
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For λ = 0 we get

Cov
(
y2t , y

2
t−k
)
=

{(
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)
exp
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+2cρσηψ
k−1 exp

[
3ω

2 (1− ψ)
+
σ2
η

(
4ψk + 5

)
8 (1− ψ2)

]

and

V
(
y2t
)
= 4c2 exp

[
ω

(1− ψ)
+

σ2
η

2 (1− ψ2)

]
+

{
3 exp

[
σ2
η

(1− ψ2)

]
− 1

}
exp

[
2ω

(1− ψ)
+

σ2
η

(1− ψ2)

]
.

Now for ρ = 0, we get:

Cov
(
y2t , y

2
t−k
)
= λ4

{
exp

[
4α2ψkσ2

η

(1− ψ2)

]
− 1

}
exp

[
4αω

(1− ψ)
+

4α2σ2
η

(1− ψ2)

]
(3.10)

+2λ2

{
exp

[
2αψkσ2

η

(1− ψ2)

]
− 1

}
exp

[
(2α + 1)ω

(1− ψ)
+

(4α2 + 1) σ2
η

2 (1− ψ2)

]

+4cλ3

{
exp

[
2α2ψkσ2

η

(1− ψ2)

]
− 1

}
exp

[
3αω

(1− ψ)
+

5α2σ2
η

2 (1− ψ2)

]

+

{
exp

[
ψkσ2

η

(1− ψ2)

]
− 1

}
exp

[
2ω

(1− ψ)
+

σ2
η

(1− ψ2)

]

+4cλ

{
exp

[
αψkσ2

η

(1− ψ2)

]
− 1

}
exp

[
(α + 1)ω

(1− ψ)
+

(α2 + 1) σ2
η

2 (1− ψ2)

]

+4c2λ2

{
exp

[
α2ψkσ2

η

(1− ψ2)

]
− 1

}
exp

[
2αω

(1− ψ)
+

α2σ2
η

(1− ψ2)

]
,
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and

V
(
y2t
)
= λ4

{
exp

[
4α2σ2

η

(1− ψ2)

]
− 1

}
exp

[
4αω

(1− ψ)
+

4α2σ2
η

(1− ψ2)

]
(3.11)

+4cλ3
{
exp

[
2α2σ2

η

(1− ψ2)

]
− 1

}
exp

[
3αω

(1− ψ)
+

5α2σ2
η

2 (1− ψ2)

]
+4cλ

{
3 exp

[
ασ2

η

(1− ψ2)

]
− 1

}
exp

[
(α + 1)ω

(1− ψ)
+

(α2 + 1) σ2
η

2 (1− ψ2)

]
+4c2λ2

{
exp

[
α2σ2

η

(1− ψ2)

]
− 1

}
exp

[
2αω

(1− ψ)
+

α2σ2
η

(1− ψ2)

]
+2λ2

{
3 exp

[
2ασ2

η

(1− ψ2)

]
− 1

}
exp

[
(2α + 1)ω

(1− ψ)
+

(4α2 + 1) σ2
η

2 (1− ψ2)

]
+4c2 exp

[
ω

(1− ψ)
+

σ2
η

2 (1− ψ2)

]
+

{
3 exp

[
σ2
η

(1− ψ2)

]
− 1

}
exp

[
2ω

(1− ψ)
+

σ2
η

(1− ψ2)

]
.

Further, if additionally ρ = 0 as well, i.e. ρ = c = 0, we get:

Cov
(
y2t , y

2
t−k
)
= λ4

{
exp

[
4α2ψkσ2

η

(1− ψ2)

]
− 1

}
exp

[
4αω

(1− ψ)
+

4α2σ2
η

(1− ψ2)

]

+2λ2

{
exp

[
2αψkσ2

η

(1− ψ2)

]
− 1

}
exp

[
(2α + 1)ω

(1− ψ)
+

(4α2 + 1) σ2
η

2 (1− ψ2)

]

+

{
exp

[
ψkσ2

η

(1− ψ2)

]
− 1

}
exp

[
2ω

(1− ψ)
+

σ2
η

(1− ψ2)

]
.
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Appendix B

The SV2-M is given by

yt = c+ λσ2α
t + εtσt,

ln σ2
t = ω + ψ lnσ2

t−1 + ηt =
ω

1− ψ
+

∞∑
i=0

ψiηt−i.

First, form Perez, Ruiz and Veiga (2009) [60] we have that

E [εt exp (Aηt)] = ρσηA exp

[
A2σ2

η

2

]
, (3.12)

and as Φ
(
3
2
, 1
2
; z
)
=2
(
z + 1

2

)
Φ
(
1
2
, 1
2
; z
)
= 2

(
z + 1

2

)
exp (z) see Gradshteyn

and Ryzhik (1994) [38], formula 9.212.4, where Φ (., .; z) is the con�uent hy-
pergeometric function, and from Perez, Ruiz and Veiga (2009) [60], equation
19, we get

E
(
ε2t exp (Aηt)

)
=
(
1 + (ρσηA)

2) exp [A2σ2
η

2

]
.

Additionally,

E
(
ε3t exp (Aηt)

)
= E

(
ε3tE [exp (Aηt) |εt]

)
= exp

[
A2 (1− ρ2) σ2

η

2

]
E
(
ε3t exp [ρσηAεt]

)
= exp

[
A2σ2

η

2

]
1√
2π

∫
(x− (ρσηA))

3 exp

[
−(x− ρσηA)

2

2

]
dx

+exp

[
A2σ2

η

2

]
1√
2π

∫ [
3 (ρσηA) x

2 − 3 (ρσηA)
2 x+ (ρσηA)

3] exp[−(x− ρσηA)
2

2

]
dx

= (ρσηA)
(
3 + (ρσηA)

2) exp [A2σ2
η

2

]
.

Now notice that

ln σ2
t =

ω

1− ψ
+

∞∑
i=0

ψiηt−i
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then form equation 3.2 we have

E
(
σ2C
t

)
= E

[
exp

(
C ln σ2

t

)]
= exp

(
Cω

1− ψ
+

C2σ2
η

2 (1− ψ2)

)
. (3.13)

It follows that E (σt) , E (σ2
t ) , E (σ3

t ) and E (σ4
t ) are the same as for the

SV1-M model.

Static Moments

First,

E
(
σBt ε

A
t

)
= E

(
exp

(
Bω

2
+
B

2
ψ ln σ2

t−1 +
B

2
ηt

)
εAt

)
= E

(
exp

(
B

2
ηt

)
εAt

)
exp

(
Bω

2

1

(1− ψ)
+

(Bψ)2 σ2
η

8 (1− ψ2)

)
(3.14)

and employing equation 3.12 we get

E (σtεt) =
ρση
2

exp

(
1

2

ω

(1− ψ)
+

σ2
η

8 (1− ψ2)

)
.

It follows that

E (yt) = c+ λE
(
σ2α
t

)
+ E (εtσt) = c

+λ exp

(
αω

1− ψ
+

α2σ2
η

2 (1− ψ2)

)
+
ρση
2

exp

(
ω

2 (1− ψ)
+

σ2
η

8 (1− ψ2)

)
Notice that depending on the parameter values the unconditional risk pre-
mium can be either positive or negative.

Now to �nd V ar (yt) we need E (σ2
t εt) and E (ε2tσ

2
t ). Hence employing

equations 3.14 and 3.12 we get

V (ε∗t ) = V (εtσt) =

{(
1 + (ρση)

2) exp( σ2
η

4 (1− ψ2)

)
−
(ρση

2

)2}
× exp

(
ω

(1− ψ)
+

σ2
η

4 (1− ψ2)

)
.
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Hence,

V ar (yt) = λ2V
(
σ2α
t

)
+ V (εtσt) + 2Cov

(
σ2α
t , εtσt

)
and employing the formulae above we get the result of the main text.

From formula 9.212.4 in Gradshteyn and Ryzhik (1994) [38] we get

Φ

(
5

2
,
1

2
,
A2ρ2σ2

η

2

)
=

2

3

[(
A2ρ2σ2

η

2
+

5

2

)
Φ

(
3

2
,
1

2
,
A2ρ2σ2

η

2

)
− Φ

(
1

2
,
1

2
,
A2ρ2σ2

η

2

)]
,

and from Perez, Ruiz and Veiga (2009) [60], equation 19, we get

E
(
ε4t exp (Aηt)

)
= exp

[
A2σ2

η

2

] [
3 + 6 (ρσηA)

2 + (ρσηA)
4] .

Now, employing equation 3.14, we have that the skewness and kurtosis
coe�cients, of the mean error ε∗t = εtσt, are as given in the main text.

The asymmetry of the observed process, yt, is given by

E (yt − E (yt))
3 = E

(
λσ2α

t + εtσt −
[
λE
(
σ2α
t

)
+ E (εtσt)

])3
= λ3E

(
σ6α
t

)
+ 3λ2E

(
σ4α+1
t εt

)
+ 3λE

(
σ2α+2
t ε2t

)
+ E

(
ε3tσ

3
t

)
−3λ3E

(
σ2α
t

)
E
(
σ4α
t

)
− 6λ2E

(
σ2α
t

)
E
(
σ2α+1
t εt

)
− 3λE

(
σ2α
t

)
E
(
ε2tσ

2
t

)
−3λ2E

(
σ4α
t

)
E (εtσt)− 6λE

(
σ2α+1
t εt

)
E (εtσt)− 3E

(
ε2tσ

2
t

)
E (εtσt)

+2λ3E3
(
σ2α
t

)
+ 6λ2E2

(
σ2α
t

)
E (εtσt) + 6λE

(
σ2α
t

)
E2 (εtσt) + 2E3 (εtσt) .

It follows that

E (yt − E (yt))
3 = λ3

[
exp

(
3α2σ2

η

(1− ψ2)

)
− 3 exp

(
α2σ2

η

(1− ψ2)

)
+ 2

]
exp

(
3αω

1− ψ
+

3α2σ2
η

2 (1− ψ2)

)

+
3

2
λ2ρση


(4α + 1) exp

(
α(α+1)σ2

η

(1−ψ2)

)
−2 (2α+ 1) exp

(
ασ2

η

2(1−ψ2)

)
− exp

(
α2σ2

η

(1−ψ2)

)
+ 2

 exp

(
(4α + 1)ω

2 (1− ψ)
+

(8α2 + 1) σ2
η

8 (1− ψ2)

)

+3λ

[(
1 + (ρση (α + 1))2

)
exp

(
ασ2

η

(1− ψ2)

)
−
(
1 + (ρση)

2)] exp((α + 1)ω

(1− ψ)
+

(α2 + 1) σ2
η

2 (1− ψ2)

)
+
3

2
λ (ρση)

2

[
1− (2α + 1) exp

(
ασ2

η

2 (1− ψ2)

)]
exp

(
(α + 1)ω

(1− ψ)
+

(2α2 + 1) σ2
η

4 (1− ψ2)

)

+
3

2
ρση

 (
3 +

(
ρση

3
2

)2)
exp

(
3σ2

η

4(1−ψ2)

)
−
(
1 + (ρση)

2) exp( σ2
η

4(1−ψ2)

)
+ 1

6
(ρση)

2

 exp

(
3ω

2 (1− ψ)
+

3σ2
η

8 (1− ψ2)

)
.
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Now for ρ = 0, as in Koopman and Uspensky (2002), the asymmetry can
be only positive, whereas for λ = 0, as in JPR, we get that sk (yt) = sk (ε∗t )
and the asymmetry of the observed process can be only negative.

Now

E (yt − E (yt))
4 = λ4E

(
σ8α
t

)
− 4λ4E

(
σ2α
t

)
E
(
σ6α
t

)
+ 6λ4E2

(
σ2α
t

)
E
(
σ4α
t

)
−3λ4E4

(
σ2α
t

)
+ 4λ3E

(
σ6α+1
t εt

)
− 12λ3E

(
σ2α
t

)
E
(
σ4α+1
t εt

)
− 4λ3E

(
σ6α
t

)
E (εtσt)

+12λ3E2
(
σ2α
t

)
E
(
σ2α+1
t εt

)
− 12λ3E3

(
σ2α
t

)
E (εtσt) + 12λ3E

(
σ2α
t

)
E (εtσt)E

(
σ4α
t

)
+6λ2E

(
σ4α+2
t ε2t

)
− 12λ2E

(
σ2α
t

)
E
(
σ2α+2
t ε2t

)
− 12λ2E

(
σ4α+1
t εt

)
E (εtσt)

+6λ2E2
(
σ2α
t

)
E
(
ε2tσ

2
t

)
+ 24λ2E

(
σ2α
t

)
E (εtσt)E

(
σ2α+1
t εt

)
+ 6λ2E

(
σ4α
t

)
E2 (εtσt)

−18λ2E2
(
σ2α
t

)
E2 (εtσt) + 4λE

(
σ2α+3
t ε3t

)
− 12λE

(
σ2α+2
t ε2t

)
E (εtσt)− 4λE

(
σ2α
t

)
E
(
ε3tσ

3
t

)
+12λE

(
σ2α
t

)
E (εtσt)E

(
ε2tσ

2
t

)
+ 12λE2 (εtσt)E

(
σ2α+1
t εt

)
− 12λE

(
σ2α
t

)
E3 (εtσt)

+E
(
ε4tσ

4
t

)
− 4E

(
ε3tσ

3
t

)
E (εtσt) + 6E2 (εtσt)E

(
ε2tσ

2
t

)
− 3E4 (εtσt) .

Hence

E (yt − E (yt))
4 = λ4A exp

(
4αω

(1− ψ)
+

2α2σ2
η

(1− ψ2)

)
+2λ3ρσηB exp

(
(6α + 1)ω

2 (1− ψ)
+

(12α2 + 1) σ2
η

8 (1− ψ2)

)
+3λ2C exp

(
(2α + 1)ω

(1− ψ)
+

(4α2 + 1) σ2
η

4 (1− ψ2)

)
+ 2λρσηD exp

(
(2α + 3)ω

2 (1− ψ)
+

(4α2 + 3) σ2
η

8 (1− ψ2)

)
+

{[
3 + 24 (ρση)

2 + 16 (ρση)
4] exp( 3σ2

η

2 (1− ψ2)

)
− 3

16
(ρση)

4

}
exp

(
2ω

(1− ψ)
+

σ2
η

2 (1− ψ2)

)
−3 (ρση)

2

{ (
3 +

(
ρση

3
2

)2)
exp

(
σ2
η

2(1−ψ2)

)
−1

2

(
1 + (ρση)

2)
}
exp

(
2ω

(1− ψ)
+

3σ2
η

4 (1− ψ2)

)
where

A = exp
(

6α2σ2
η

(1−ψ2)

)
− 4 exp

(
3α2σ2

η

(1−ψ2)

)
+ 6 exp

(
α2σ2

η

(1−ψ2)

)
− 3,

B = (6α+ 1) exp

(
3α (2α + 1)σ2

η

2 (1− ψ2)

)
− 3 (4α+ 1) exp

(
α (α + 1)σ2

η

(1− ψ2)

)
− exp

(
3α2σ2

η

(1− ψ2)

)
+3 (2α+ 1) exp

(
ασ2

η

2 (1− ψ2)

)
+ 3 exp

(
α2σ2

η

(1− ψ2)

)
− 3,
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and

C = 2
(
1 + (ρση (2α + 1))2

)
exp

(
[4α (α + 2) + 1] σ2

η

4 (1− ψ2)

)
+ 2

[
1 + (ρση)

2] exp( σ2
η

4 (1− ψ2)

)
−4
(
1 + (ρση (α + 1))2

)
exp

(
(4α + 1)σ2

η

4 (1− ψ2)

)
+ 2 (ρση)

2 (2α + 1) exp

(
ασ2

η

2 (1− ψ2)

)
− (ρση)

2 (4α + 1) exp

(
α (α + 1)σ2

η

(1− ψ2)

)
+

1

2
(ρση)

2

[
exp

(
α2σ2

η

(1− ψ2)

)
− 3

]
,

D = (2α + 3)

(
3 +

(
ρση

(2α+ 3)

2

)2
)
exp

(
3 (2α+ 1) σ2

η

4 (1− ψ2)

)
−3
(
1 + (ρση (α + 1))2

)
exp

(
(4α + 1)σ2

η

4 (1− ψ2)

)
+3

{(
1 + (ρση)

2)−(3 + (ρση 3
2

)2
)
exp

(
σ2
η

2 (1− ψ2)

)}
exp

(
σ2
η

4 (1− ψ2)

)
+
3

4
(ρση)

2

{
(2α + 1) exp

(
ασ2

η

2 (1− ψ2)

)
− 1

}
.

Autocorrelation

First, notice that

E
(
σBt σ

A
t−k
)
= E

(
exp

(
B

2
ηt

)
εAt

)
exp

(
Bω

2

1

(1− ψ)
+

(Bψ)2 σ2
η

8 (1− ψ2)

)

= exp

(
(B + A)

ω

2 (1− ψ)
+

σ2
η

8 (1− ψ2)

(
2ABψk + A2 +B2

))

E
(
εAt σ

B
t σ

D
t−k
)
= E

(
εAt exp

(
B

2
ηt

))
exp

(
B

2
ω

)
× exp

(
(Bψ +D)

ω

2 (1− ψ)
+

σ2
η

8 (1− ψ2)

(
2DBψk +D2 + (Bψ)2

))
= E

(
εAt exp

(
B

2
ηt

))
exp

(
(B +D)

ω

2 (1− ψ)
+

σ2
η

8 (1− ψ2)

(
2DBψk +D2 + (Bψ)2

))
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E
(
σBt σ

D
t−kε

C
t−k
)
= E

(
exp

(
B

2
ω +

B

2
ψ ln σ2

t−1 +
B

2
ηt

)
εCt−kσ

D
t−k

)
= exp

[
B

2
ω +

B

2
ψω + ...+

B

2
ψk−1ω +

B2σ2
η

8
+
B2ψ2σ2

η

8
+ ...+

B2ψ2k−2σ2
η

8

]

×E
(
exp

(
B

2
ψk ln σ2

t−k

)
εCt−kσ

D
t−k

)
= exp

[
B

2
ω
1− ψk

1− ψ
+
B2σ2

η

8

1− ψ2k

1− ψ2

]
E
(
εCt−kσ

Bψk+D
t−k

)
= E

(
exp

(
Bψk +D

2
ηt−k

)
εCt−k

)
× exp

(
(B +D)

ω

2 (1− ψ)
+
(
B2 +

(
ψ2 − 1

)
B2ψ2k + 2BDψk+2 +D2ψ2

) σ2
η

8 (1− ψ2)

)

E
(
εAt σ

B
t ε

C
t−kσ

D
t−k
)
= E

(
εAt exp

(
B

2
ηt

))
exp

(
ωB

2

)
E

(
exp

(
B

2
ψ ln σ2

t−1

)
εCt−kσ

D
t−k

)
= E

(
εAt exp

(
B

2
ηt

))
E

(
exp

(
Bψk +D

2
ηt−k

)
εCt−k

)
× exp

(
(B +D)

ω

2 (1− ψ)
+
(
(Bψ)2 +

(
ψ2 − 1

)
B2ψ2k + 2BDψk+2 +D2ψ2

) σ2
η

8 (1− ψ2)

)
It follows that

Cov (yt, yt−k) = Cov
(
c+ λσ2α

t + εtσt, c+ λσ2α
t−k + εt−kσt−k

)
= λ2Cov

(
σ2α
t , σ

2α
t−k
)
+ λCov

(
σ2α
t , εt−kσt−k

)
+ λCov

(
εtσt, σ

2α
t−k
)
+ Cov (εtσt, εt−kσt−k)

and the result of in the main text follows.

Leverage Cov
(
σ2t , σt−kεt−k

)
Now

Cov
(
σ2
t , σt−kεt−k

)
= E

(
σ2
t σt−kεt−k

)
− E

(
σ2
t

)
E (σt−kεt−k)

= ρση
2ψk + 1

2
exp

[
3

ω

2 (1− ψ)
+

σ2
η

8 (1− ψ2)

(
4ψk + 5

)]
− 1

2
ρση exp

(
3

2

ω

(1− ψ)
+

5σ2
η

8 (1− ψ2)

)
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and

Corr
(
σ2
t , σt−kεt−k

)
=

1

2
ρση

(
2ψk + 1

)
exp

[
ψkσ2

η

2(1−ψ2)

]
− 1√[

exp
(

σ2
η

(1−ψ2)

)
− 1
] [(

1 + (ρση)
2) exp( σ2

η

4(1−ψ2)

)
−
(
1
2
ρση
)2] ,

which has the sign of ρ, for any k, provide that ψ > 0 due to volatility
clustering.

Dynamic Asymmetry Cov
(
y2t , yt−k

)
First notice that

Cov
(
y2t , yt−k

)
= E

(
y2t , yt−k

)
− E

(
y2t
)
E (yt−k) =

= λ3
[
E
(
σ2α
t−kσ

4α
t

)
− E

(
σ2α
t−k
)
E
(
σ4α
t

)]
+ λ

[
E
(
σ2α
t−kε

2
tσ

2
t

)
− E

(
σ2α
t−k
)
E
(
ε2tσ

2
t

)]
+2cλ2

[
E
(
σ2α
t−kσ

2α
t

)
− E2

(
σ2α
t

)]
+ 2cλ

[
E
(
σ2α
t−kεtσt

)
− E

(
σ2α
t−k
)
E (εtσt)

]
+2λ2

[
E
(
σ2α
t−kσ

2α+1
t εt

)
− E

(
σ2α
t−k
)
E
(
σ2α+1
t εt

)]
+λ2

[
E
(
σ4α
t εt−kσt−k

)
− E

(
σ4α
t

)
E (εt−kσt−k)

]
+ E

(
ε2tσ

2
t εt−kσt−k

)
− E

(
ε2tσ

2
t

)
E (εt−kσt−k)

+2cλ
[
E
(
σ2α
t εt−kσt−k

)
− E

(
σ2α
t

)
E (εt−kσt−k)

]
+ 2c [E (εtσtεt−kσt−k)− E (εtσt)E (εt−kσt−k)]

+2λ
[
E
(
σ2α+1
t εtεt−kσt−k

)
− E

(
σ2α+1
t εt

)
E (εt−kσt−k)

]
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It follows that

Cov
(
y2t , yt−k

)
= λ3

[
exp

(
2α2ψkσ2

η

(1− ψ2)

)
− 1

]
exp

(
3αω

1− ψ
+

5α2σ2
η

2 (1− ψ2)

)
(3.15)

+λ
(
1 + (ρση)

2) [exp( 2αψkσ2
η

(1− ψ2)

)
− 1

]
exp

(
(α + 1)ω

1− ψ
+

(α2 + 1) σ2
η

2 (1− ψ2)

)

+2cλ2

[
exp

(
α2ψkσ2

η

(1− ψ2)

)
− 1

]
exp

(
2αω

1− ψ
+

α2σ2
η

(1− ψ2)

)

+2cλρση

{(
αψk + 1

)
exp

(
αψkσ2

η

2 (1− ψ2)

)
− 1

}
exp

(
(2α + 1)ω

2 (1− ψ)
+

(4α2 + 1) σ2
η

8 (1− ψ2)

)
+λ2ρσηF exp

(
(4α + 1)ω

2 (1− ψ)
+

(8α2 + 1) σ2
η

8 (1− ψ2)

)
+
ρση
2

(
1 + (ρση)

2) [(2ψk + 1
)
exp

(
ψkσ2

η

2 (1− ψ2)

)
− 1

]
exp

(
3ω

2 (1− ψ)
+

5σ2
η

8 (1− ψ2)

)

+c
(ρση)

2

2

[(
ψk + 1

)
exp

(
ψkσ2

η

4 (1− ψ2)

)
− 1

]
exp

(
ω

(1− ψ)
+

σ2
η

4 (1− ψ2)

)

+λ (ρση)
2 (2α + 1)

2
G exp

(
(α + 1)ω

(1− ψ)
+

(
(2α + 1)2 + 1

)
σ2
η

8 (1− ψ2)

)
,

where

F = (2α + 1)

[
exp

(
α (2α + 1)ψkσ2

η

2 (1− ψ2)

)
− 1

]
exp

(
ασ2

η

2 (1− ψ2)

)

+
1

2

[(
4αψk + 1

)
exp

(
αψkσ2

η

(1− ψ2)

)
− 1

]
exp

(
α2σ2

η

(1− ψ2)

)
,

G =
[
(2α + 1)ψk + 1

]
exp

(
(2α + 1)ψkσ2

η

4 (1− ψ2)

)
− 1.

Volatility Clustering

It is easy to prove that Corr
(
σ2
t , σ

2
t−k
)
is the same as for the SV1-M model.
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First, notice that

E
((
c+ λσ2α

t + εtσt
)2 (

c+ λσ2α
t−k + εt−kσt−k

)2)
=

= c4 + c2λ2E
(
σ4α
t−k
)
+ c2E

(
ε2t−kσ

2
t−k
)
+ 2c3λE

(
σ2α
t−k
)
+ 2c3E (εt−kσt−k)

+2c2λE
(
σ2α+1
t−k εt−k

)
+ c2λ2E

(
σ4α
t

)
+ λ4E

(
σ4α
t σ

4α
t−k
)
+ λ2E

(
σ4α
t ε

2
t−kσ

2
t−k
)

+2cλ3E
(
σ4α
t σ

2α
t−k
)
+ 2cλ2E

(
σ4α
t εt−kσt−k

)
+ 2λ3E

(
σ4α
t σ

2α+1
t−k εt−k

)
+ c2E

(
ε2tσ

2
t

)
+λ2E

(
ε2tσ

2
t σ

4α
t−k
)
+ E

(
ε2tσ

2
t ε

2
t−kσ

2
t−k
)
+ 2cλE

(
ε2tσ

2
t σ

2α
t−k
)
+ 2cE

(
ε2tσ

2
t εt−kσt−k

)
+2λE

(
ε2tσ

2
t σ

2α+1
t−k εt−k

)
+ 2c3λE

(
σ2α
t

)
+ 2cλ3E

(
σ2α
t σ

4α
t−k
)
+ 2cλE

(
σ2α
t ε

2
t−kσ

2
t−k
)

+4c2λ2E
(
σ2α
t σ

2α
t−k
)
+ 4c2λE

(
σ2α
t εt−kσt−k

)
+ 4cλ2E

(
σ2α
t σ

2α+1
t−k εt−k

)
+2c3E (εtσt) + 2cλ2E

(
εtσtσ

4α
t−k
)
+ 2cE

(
εtσtε

2
t−kσ

2
t−k
)
+ 4c2λE

(
εtσtσ

2α
t−k
)

+4c2E (εtσtεt−kσt−k) + 4cλE
(
εtσtσ

2α+1
t−k εt−k

)
+ 2c2λE

(
σ2α+1
t εt

)
+2λ3E

(
σ2α+1
t εtσ

4α
t−k
)
+ 2λE

(
σ2α+1
t εtε

2
t−kσ

2
t−k
)
+ 4cλ2E

(
σ2α+1
t εtσ

2α
t−k
)

+4cλE
(
σ2α+1
t εtεt−kσt−k

)
+ 4λ2E

(
σ2α+1
t εtσ

2α+1
t−k εt−k

)
.

It follows that

Cov
(
y2t , y

2
t−k
)
= λ4

[
E
(
σ4α
t σ

4α
t−k
)
− E2

(
σ4α
t

)]
+ 4cλ3

[
E
(
σ2α
t σ

4α
t−k
)
− E

(
σ4α
t

)
E
(
σ2α
t

)]
+2λ3

[
E
(
σ4α
t σ

2α+1
t−k εt−k

)
+ E

(
σ2α+1
t εtσ

4α
t−k
)
− 2E

(
σ4α
t

)
E
(
σ2α+1
t εt

)]
+2cλ2

[
E
(
σ4α
t εt−kσt−k

)
+ E

(
εtσtσ

4α
t−k
)
− 2E

(
σ4α
t

)
E (εtσt)

]
+2cλ

[
E
(
ε2tσ

2
t σ

2α
t−k
)
+ E

(
σ2α
t ε

2
t−kσ

2
t−k
)
− 2E

(
ε2tσ

2
t

)
E
(
σ2α
t

)]
+2c

[
E
(
ε2tσ

2
t εt−kσt−k

)
+ E

(
εtσtε

2
t−kσ

2
t−k
)
− 2E

(
ε2tσ

2
t

)
E (εtσt)

]
+2λ

[
E
(
ε2tσ

2
t σ

2α+1
t−k εt−k

)
+ E

(
σ2α+1
t εtε

2
t−kσ

2
t−k
)
− 2E

(
ε2tσ

2
t

)
E
(
σ2α+1
t εt

)]
+4c2λ2

[
E
(
σ2α
t σ

2α
t−k
)
− E2

(
σ2α
t

)]
+ 4λ2

[
E
(
σ2α+1
t εtσ

2α+1
t−k εt−k

)
− E2

(
σ2α+1
t εt

)]
+4c2λ

[
E
(
σ2α
t εt−kσt−k

)
+ E

(
εtσtσ

2α
t−k
)
− 2E

(
σ2α
t

)
E (εtσt)

]
+4cλ2

[
E
(
σ2α
t σ

2α+1
t−k εt−k

)
+ E

(
σ2α+1
t εtσ

2α
t−k
)
− 2E

(
σ2α
t

)
E
(
σ2α+1
t εt

)]
+4cλ

[
E
(
σ2α+1
t εtεt−kσt−k

)
+ E

(
εtσtσ

2α+1
t−k εt−k

)
− 2E (εtσt)E

(
σ2α+1
t εt

)]
+λ2

[
E
(
σ4α
t ε

2
t−kσ

2
t−k
)
+ E

(
ε2tσ

2
t σ

4α
t−k
)
− 2E

(
σ4α
t

)
E
(
ε2tσ

2
t

)]
+4c2

[
E (εtσtεt−kσt−k)− E2 (εtσt)

]
+ E

(
ε2tσ

2
t ε

2
t−kσ

2
t−k
)
− E2

(
ε2tσ

2
t

)
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Hence,

Cov
(
y2t , y

2
t−k
)
= λ4

[
exp

(
4α2ψkσ2

η

(1− ψ2)

)
− 1

]
exp

(
4αω

1− ψ
+

4α2σ2
η

(1− ψ2)

)
+2Aλ3 exp

(
3αω

1− ψ
+

20α2σ2
η

8 (1− ψ2)

)
+ Bλ2 exp

(
2αω

1− ψ
+

α2σ2
η

(1− ψ2)

)
+Cλ2ρση exp

(
(4α+ 1)ω

2 (1− ψ)
+

(8α2 + 1) σ2
η

8 (1− ψ2)

)
+Dλρση exp

(
(2α + 3)ω

2 (1− ψ)
+

(
(2α + 1)2 + 4

)
σ2
η

8 (1− ψ2)

)

+Fcλρση exp
(
(2α + 1)ω

2 (1− ψ)
+

(4α2 + 1) σ2
η

8 (1− ψ2)

)
+ 2Gcρση exp

(
3ω

2 (1− ψ)
+

5σ2
η

8 (1− ψ2)

)
+2Hcλ exp

(
(α + 1)ω

1− ψ
+

(α2 + 1) σ2
η

2 (1− ψ2)

)
+c2 (ρση)

2

[(
ψk + 1

)
exp

(
ψkσ2

η

4 (1− ψ2)

)
− 1

]
exp

(
ω

(1− ψ)
+

σ2
η

4 (1− ψ2)

)

+
(
1 + (ρση)

2){ (
1 + (ρση)

2 (ψk + 1
)2)

exp
(

ψkσ2
η

(1−ψ2)

)
−
(
1 + (ρση)

2)
}
exp

(
2ω

(1− ψ)
+

σ2
η

(1− ψ2)

)
where

A = ρση

[ [
2αψk + (2α + 1)

]
exp

(
α(2α+1)ψkσ2

η

(1−ψ2)

)
− (2α+ 1)

]
exp

(
ω

2 (1− ψ)
+

(4α + 1)σ2
η

8 (1− ψ2)

)
,

+2c

[
exp

(
2α2ψkσ2

η

(1− ψ2)

)
− 1

]
,

B =

[ [
(ρση)

2
((

2αψk + 1
)2

+ 1
)
+ 2
]
exp

(
2αψkσ2

η

(1−ψ2)

)
−2
(
1 + (ρση)

2)
]
exp

(
ω

1− ψ
+

(2α2 + 1) σ2
η

2 (1− ψ2)

)

+4c2

[
exp

(
α2ψkσ2

η

(1− ψ2)

)
− 1

]
,
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and

C = 2c

[(
2αψk + 1

)
exp

(
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η
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)
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]
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(
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η
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)
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)
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(
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η

4 (1− ψ2)

)
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ω
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+
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)

+4c
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)
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η
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)
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η
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)
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[
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2

4
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(
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η
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)
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]
exp

(
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η

4(1−ψ2)

)
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(
ω
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+
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)
exp

(
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η
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,
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)

2
+

1

2
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2
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4
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Further
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)
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2
t

)
E (εtσt)

]
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[
E
(
σ2α+3
t ε3t

)
− E

(
ε2tσ
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E
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and
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)
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[
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(
4α2σ2

η
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)
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]
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ω
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η
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)
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+
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2

)
exp

(
σ2
η

2 (1− ψ2)

)
−
(
1 + (ρση)
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+

5σ2
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η
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where
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and
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