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1 The Model

v = 2\ h, t=1,..T, where
2z ~ 4idD(0,1), In(h) =a+0z_1+7|z-1|+ 5In(hi1).

with E
_I_
2 First Order Likelihood Derivatives:
Following, henceforth, the notation employed in Linton (1997), i.e. hyo = %(oht) and

so on, the derivatives of the log-likelihood function with respect to all the parameters
are: for i, 7,k € {a,0,, 5} the derivatives are:

T 1 < — (=)’
(85,920 ko) = =5 (m) =5 () - 30 L
t=1 t=1

as

Oz _ Oy P20 yt6—1/2lnhtw _ —lztht
do Jdo Ho 9 ;0°

For o € {a, 0,7, 3} the derivatives are:
1 1
ht;a = 1- §ta—1ht—1;a - 57 |zt—1| ht—l;a + 6ht—1;a
1 1
= 1+ 8- 592’1&—1 — 57 |ze-1| | hu—1sa,s

with ]
E (hya) = = Eq
) ST (G- B )

YE|z|]| <1 and

provided that }5 — %

N

ht;a,a =

1 1
(0zi—1 + v |2-1]) hf_l;a + (ﬁ — 59215—1 — 57 |Zt—1|) hi—1.0,0-



Now

0z 0|z
ht;G = Zt—1+0 (,;91—1—7 ’ate”"f'ﬁht—l;@

= %1+ (5 — 0z — 7 |Z’t—1|) hi—16.

and
Eht;g - E;e - 0
Also
1 1
Py = |21 + | B — 59%71 —73 |ze—1] | hi—1sy-
E|z| E 7|
Ehy, = E. — _ B
o "I (B-E) 1-sT00 °
1
STO = (- §7E\z\
Finally,
0z 0|z_
hig = 055+ |at5 L () + s
1 1
= In(h1)+ (5 - §¢92t—1 —37 |Zt—1|) hi—1,3.
and

L

Flos = 8o = T (G- B )

3 Second Order Likelihood Derivatives:

For o, % € {«, 0,7, 8} we get that

1< 1
07*252 _1 hto*_ﬁztht;*ht;o
t=1
3.1 Alpha-Alpha

1 < 1 ZT T
E = (5 E — ]_ htocoz — 5 Zt2 (ht;a)2> = _EE (ht§a)2
Now

1

1 2
592%—1 7|Zt 1|) t—TLia

1
h?;a =142 (5 - 59215—1 - 5’7 |Zt—1|) ht—l;a + (6 -



and as we have that

1

E(hl,) = 1+2 <6 — §7E |z|> E (hi_1.0)

2 1 2 1 2 1 2
+ B+ 19 + ZW —vBE |z| + EWHE (z|z|) | E (ht—m)

1+2(8—3vE|z]) B
2, 192 | 1,2 1 - E('a)27
1— (8% +10° + 142 —yBE |2 + 190E (2 |2])) »
if ‘62 + %192 + ;1172 —vBE |z| + %’y@E (z \zm < 1.
14 2STOE,,

FE (hf,a) = 1——5T1 = EHAQ, where

1, 1 1
B°+ 10"+ 17° —BE 2| + 510E (2 2]).

ST1

3.2 Alpha-Beta
Next
1 < 1 T
E (Ea,ﬁ) =E (5 ; (zf - 1) R, — 92 Z thht;ﬁht;a> = —EE (ht;ﬁht;a) :

t=1

Now to find the expctation we need he expecation of

1 1
hiolnh, = a+4+0z_1+v|z1|+FInh_y + (o + 021 + v ]2z-1]) <5 - 59%4 - 5’7 |Zt1‘) hi—1.q

1 1
+3 (5 - 5921‘/71 — 57 ‘Ztlf) hi—1,0Inhy_yq,
and it follows that

a(f—$vE|2) - 372 )
4 ~E 2| + BE [In (hy_y)] + 2 : Ea
R YO B QA - A 2

1—-B(8—3vE]2])

FE [ln (ht> ht;a] =
~ LE,

if |B(8—3vE|z])| < 1.
Hence, as

1 1
hiahts = In(hi—1) + (5 - 59%4 - 57 ‘Zt1|) I (he—1) hi—1.0 + hi—1.5]

1 1 ?
+( 58— 59215—1 - 57 |Zt—1| ht—l;aht—1;67

we have that

L+ (8= WE|]) [LEa + Byl
1— (8% +10° + 192 — yBE |2| + L90E (2 ]2]))
if |52 + 6% + 372 —VBE |2 + 370 (z]2])| < 1.

E [hahip] = = B,
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3.3 Alpha-Gama
T T

1 1 T
E(loy) =E (5 Z (Zt2 - 1) htaqy — ) Z tht;ahtw> - _§E (hssalisy) -

t=1 t=1

Now, as

1 1
ht;aht;'y = ‘Zt71| + (ﬁ - 592&71 - 75 ’ztl‘) (htfl;’y + ’thl‘ htfl;oz)

1 1 2
—+ 5 — 59213_1 — ’75 |Zt—1| ht—l;cxht—l;'w

we get
Elhyohy] = ZE (8 =3B |2]) By + (BE|2| — 3B [ |2 — 59) B _
tallt; - — s
5 1— (B2 +20% + 172 —1BE |2| + 190E (2 |2])) ¥
if |52 + 367 + 172 — BE |2| + 370E (z|2])| < 1.
3.4 Alpha-Theta
1 d 1 T T
E (604:’7) - E (5 ; (Zt2 - ]-) ht;aﬂ - 5 ; Z?ht;aht;6’> = —EE (ht;aht;g)
where
1 1 1 1
ht;a,6' - _ézt_lht_l;a—i_z (ezt_l +7 |Zt—1|) ht—1§aht—1;9+ B - iezt—l - 57 |Zt—1’ ht—l;a,@
Now, as

1 1
hiaheey = 21+ <5 - 592%—1 - 57 |Zt—1|) (hi—1,0 + 2e-1) hi—1,a

1 1 ?
+ ﬁ — iezt,1 - 5’)’ |Zt71| htfl;ehtfl;a

and as Fy = 0, we get

30+ 7Bz o) E

E [hyahug] =
[tz hies) 1— (B2 + 107 + 102 —yBE 2] + 190E (z]2]))

= E;a;@a

if |32+ 107 + 372 = 1BE 2| + $790E (2 |2])| < 1.



3.5 Beta-Beta

T

T
1 1 T
E(lgs) = E (5 (= 1) b — B > A (ht;ﬁ)2> =—5E (hip)”
t=1

t=1
First notice that

In® (hy) = o+ (0*+9%) 211 + 20021 + 207 |21 | + 270201 |21
+2 (a8 + 021 + 78 |ze-1]) In (he—y) + 5% In® (hy_y)

and and as Bl
o+ z
Eln(ht):lz—ﬂ:L
we get
24 0% +~%242avFE 2 Ez)L + 290E
(1-57)
Second, as

1 1
higInh, = (a4 0z +7v|za])nh g+ (o + 0z 1 +7]2-1]) (6 = 507157 \zt_1|> b1,
) 1 1
+B8(Inheq)"+ 55— 59%4 — 37 |2e-1| ) he—1,8 I Py,
we have that

—VE|7]) — 192
L NEl) L+ BL2 4 a(B—37 2 E.
(a+yEl2|) L+ P { L2 4 BYE 2| = A0E [z|2]] | 77

Elhglnh] = 1-5(8—37E]2)
2
= LE;,37
if |8 (8- 3vE2])| < 1.
Hence, as

1 1 1 1 2
hj?;,@ = 11’12 ht—1+2 (6 - 59215_1 - 5’}/ |Zt_1|> ht—l;,B In ht_l‘i‘(ﬁ - 59215_1 - 5’}/ ‘Zt_1|> h§71;57

we get

L?*+2(B—3yE|z|) LEg
1— (8% + 30 + 72 = 1BE |2| + 70E (2 ]2]))

E (ht;B)Q = - E(;B)z’

if |82 + 10° + 172 — VBE 2| + 379E (2 |2])] < 1.



3.6 Beta-Gama

T

1 T
E (65’7) =F (5 Z ( - 1 htﬁ’y Zzt ht ,Bht ,y) - —EE (ht;ﬁht;'y) .

t=1
First,

a(B—3vElz]) = 37
v+ aFE|z|+0FE|z|z|]+ BE |z| L + < _102(+ ﬂ72E 2 —)’749E2 2 2] E.,

—B(B—3E|z])

Eln (he) by, =

= LE.

7’y’

if |8(8—37E]z])| < 1.
It follows that

Elz| L+ (5 - %’YE ‘Z’) LE, + (ﬁE 2| — %QE [2|2]] = %7) L
1— (62 + }192 + 372 —VBE 2| + A0F (2 \z|))

if |82+ 10° + 142 — vBE |2 + 319E (2 |2])] < 1.

E (ht;ﬁhtw) = = Eigys

3.7 Beta-Theta

T T
1 1 T
E(lg) = E (5 D (= 1) hupo — 3 ;tht;ﬁht;e> =~ 5 (huheo) -
d

t=1

First, have to find E [h;—1.9In (hi—1)]. As now Ey = 0 we get
0 +E [z]2]]

1-3(8—37E|2|)

E [hyoln (h)] = = LE,,

it |3(8—37E2])| < 1.
Hence,
(8 —1vE|2|) LEg — (0 +vE [2]2]) Ess
1— (82 + 36>+ 172 — 1BE |2| + 370E (2 2]))

E (highie) = = B,
if |82+ 10° + 192 — BE 2| + 3790E (2 |2])] < 1.

3.8 Gama-Gama

/\
N =
-
|
}—k
5
3
q
l\')lr—l
N
Rl V)
&
2
N~
|
|
&
=
)
S—
(V)

where
1 +2(BE 2| - 30E =)zl - 37) By
L= (B + 167+ 17 = 1BE s + }10E (z]2)))

T ‘52 + 41162 + ;1172 —fyBE|Z| + %VQE <Z|Z|)} <1l

b (th;v) =
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3.9 Gama-Theta

T
1 T
E(ggfy):E(ﬁ tgl( —1 hjtgay E Ztthht'y) = E(htghtfy)
Now as F.g =0
Elz|z]| -0 +~E[z|2]]) E
E o) — 212l) = § (6 + B[z |o1) B,

= By
1— (B°+10° + 192 — yBE 2| + 210E (2 |2])) !

if ]52 + }102 + %72 —vYBE |z| + %PyHE (z \z\)} <1
3.10 Theta-Theta

1 < d T
2 2| 2
E (Lgg) = (5 tE:1 — 1) hiypp — ; 1 z; (huo) > = _EE (hio)
EhR? 1 E
0 = = . 27
T (B 1P+ L2 —ABE 2|+ IE (2 ]2])) T

if |5° + 30° + 397 = 9BE |2 + }10E (2 |2])] < 1.

4 Third Order Likelihood Derivatives
4.1 Alpha-Alpha-Alpha

E (604704104) - _g [SE (ht;aht;a,a) - K (hia)} . as b@fOTe

Now, as
1 1 2
hia = 1+3 <ﬂ - —QZt—1 - —7|Zt—1|) P10 +3 (5 - —92t 1 _'7|Zt 1|) t—1a

3
<5——92t 1——7’23: 1‘) t—1;a0

we get
; 14+3(8—37E |2]) Ba +3 (5% + 102 + 172 = 1BE |2| + 370E (2 |2])) B2
E (hia) = 3, 32021 332 1p (92 2 3y _ 3.2 — = By
1_ B2+ 5607 + 389> — 0 (0 +3’Y)E(22 )—535 VE |2| )
+3BV0E (2 12]) — g7 (v* + 30%) E 2]
if 8% + 2867 + 3877 — 30 (67 + 39*) E (2°) — 2B°yE |2| + 3B0E (2 |2]) — 2y (7 + 36%) E|2[°| <
1.
Furthermore,

1 1
ht,o0 = (9215 1+ 2 1|) t—10 (ﬁ - 59%71 - 5’7 |Zt1|> 100
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and

E (ht;a,a) = E;a,a = 4 )

if |8 — 1yE|z|| < 1. Also

ht;aht;a,a = (92,5 1+7’zt 1|) t—1;a

—|—(ﬁ—§¢92t1—§’y’2t1|> |: (ezt 1_'_7’27& 1|) t— 1a+ht Lia,a

1 1 i
+| 6 59%—1 — 57 Zeal | he-vaalieta,

and

VE 2] B2+ Y(BVE|2] — 392 — 162 —10E [z ]2]]) By + (B—37E2|) B

E h'ah HoNe} =
(htaltio.a) 1 (2 +;1192 L2 —BE 2| + 110E (2 |2]))

= E;a;oz,om
if |82 + 307 + 372 — VBE 2| + $79E (z]2])| < 1.
4.2 Alpha-Alpha-Beta
T
E (gaaﬁ) - _EE (ht;ﬁht;a,a - (ht;a>2 ht;g + th;aht;a,@)
First,

E(hi,Inh) = a+7E|z|+BL+ (Ba—6* =4+ ByE|z| — avE|z| — 290E [z |2|]) E
af®+ (2a - B) (¥ +6)
(B =Bl LB+ | +67(8— ) BIEl + 4a0(a —49) B[:|e]) | B
10 (0 +342) Ez* + 17 (v* + 36%) E | 2]

1 1 1
+0 (84 18+ 177 = BB L]+ 1108 5151 ) B (1 s lnhics),

if ‘B (62 + %‘92 + 41172 —YBE|z| + %’yeE (z |Z|))| < 1. Tt follows

1
B (h?;aht;ﬁ) = FElnh,+ (6 - E'VE |Z|> (B +2LE,)

Pt ) )
" < —VBE |2| + 140F [z |2]] LE(qy2 + 2B

B2+ 5607 + 567 — 30 (0° +39%) E (27) ) )
+ bt
( —3B°YE |2| + 3B10E [z |2]] — 1y (v* + 36%) E (|2I%) (he-1h7 1.0)
= Bl
if 53—1-%6924-%572_%9(92_’_37) (%) — 357E|z] .
H3BYOE (2]2]) — 57 (v* +36%) E |z :
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Now

1 1 1
hia3 = hi—1;0 + 1 (Oz—1 + 7 |2-1]) Pe—1;8he—1;0 + (5 - 5921571 - 57 ‘Zt1|> hi—1,0,8

B + iE 2| Ea;p
E (M) = Eap = = (54_ LEz))
2

if |3 — 37E|z|| < 1. Hence, as
1 1 9
ht;aht;aﬁ - ht—l;a + ﬁ - §9Zt—l - 57 |Zt—1| h’t—l;a
1 1 1 2
+Z (Oz—1 + 7 |z-1|) | he—1.0ht—18 + | B — 5921‘,71 — 57 |21 ht_l;ahtfl;/g’

1 1 1 1 2
+ ﬁ — 59215—1 - 57 |Zt—1| ht—l;a,ﬁ + 5 - 59215—1 - 57 |Zt—1| ht—l;aht—lga,67

it follows that
1
E(hyohtas) = Eat <5 — §’YE |Z’) (E(;a)2 + E;aﬁ)

1 1 1 1
B B+ 1 (BB 1] = 58— 0B s Bl = 57°) Bap

4 4
o Ll 15 1
+ (87 + 19 + 17 —VBE |2| + 579E (2 [2]) ) e-1,0ht-150,
= Liaas,
if |82+ 10° + 142 — BE 2| + 390E (2 |2])] < L.
Finally, as
1
E (htnolnh) = 1 (0% + 290F [z |2|] + avE | 2] + +?) E.qy2
1 1 1
tla (8- 308141) = 572 = 56+ 918 12| ~ 10 s bl B
1 1
+15’YE 2] LE >+ |5— §’YE 2| ) E (ht-taan i) = LEqq
we get

1 1
Eht;,ﬁht;a,a - ZP)/E ‘Z’ LE(;Q)Q + (5 - §FYE ‘Z’) LE;a7a
1 1, e 2
+= |\ BYE 2| — 577 = 507 —0E [z |2]] | hi-rphi_sa
4 2 2 ’
o 1o 1, 1
+( B8+ 19 + Z”Y —BE ‘Z| + 5’70E (Z |Z’) ht-1,ht-1;0,0
— E;,B;a,on
if |87 + 107 + 392 — BE 2| + 390 (2 ]2])| < 1.
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4.3 Alpha-Alpha-Gama

T
E (loay) = =5 B (hisy e — h2alisy + 200l

First
2 L L
ht;aht;'y = |zl + B — 592"15*1 - 75 |21 (ht*15’7 + 22| he-sia)

1 1 ’ :

+| 5 59%—1 — 75 |2t-1] (2ht—1wht—12a + [z ht—l?a)
1 1 ’

+ (ﬁ — éezt_l - 5’}/ ’Zt—1|> ht—lwh?—l;a’

with

1 1 1
B (iuig) = Blal+ (8-13814) By + 2 (BEL:I - 3082121 - 37) B

1 1 1
+2 <62 + 102 + 172 — VBB [z + 510E (2 |Z|)) Eiapy
o PR @)L N g
—18 = 0BE [z]2]] + $10E () ) 6
B2+ 380 + 5697 — 50 (0° + 37%) E (%) ) 2
. E(h% . hes,
( —SB°VE |2| + $7B0E [z |2]] — §v (v* + 36%) E (|2[) Ficsah-ia)
= B2y,
| B0 B0 + 3877 — 30 (0° +39°) E(2%) — 5B8°E 2]

<L
+3690E (= |2I) = 37 (4" + 36°) B =T

Second
| 1 L L
Py = -5 |2e—1] ht*l;a—i_z_l (Ozi—1 + v |2e-1]) Pe—viaPe—1y+| B — 502“1 - 75 [zl ) et

and 1 1
E |2] Eiayy —5E 2| Eia

E (hy. =E., .=
(hisy,a) o 1— (6 _ %'YE |Z|) ’

if |8 —yE 7| < 1.
Hence

1 1 1
hinyohta = +Z (6 - §0Zt—1 57 |Zt—1|) <(9Zt—1 + 7 [2t-1]) h?—l;aht—lw = 2]z h?_l?o‘)

1 1 L L
-3 21| Pu—1ia + 1 (0zi—1 + v 2e-1]) be—r,0 P15y + (6 - §9Zt’1 75 ’Ztl‘) Tty

1 1 i
+ (8- §ezt—1 57 [z-1l ) Pe-tali-tia;
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with

1 1 1 1 1
E (htnyohta) = _§E 2] B — 9 (ﬁE 2| = §0E (2 |2]] = 57) Eayz + 17E 2] By

1 1
~3 (V" + 0% = 2B7E |2 + 290E [z |2])) Eayzy + (6 B §7E ’Z|) Bian

1 1 1
+ (52 + 192 + -7 —BE |2 + §'YQE (2 |z])> E (h-10ahi-157.0)

4

= E;a;a,’w

if |82 + 162 + 192 — yBE |2 + 140E (2 |2])] < L.
Finally,
1 1 9
ht;’yht;a,a = |Zt,1| 1921‘/71 + Z’Y ‘Zt71| htfl;oz
1 1 1 1
+ (Zezt—1 + 17 |Zt—1|) (5 - 59%—1 - 75 |Zt—1|) ht—1;yht2,1;a
1 1 1 1 2

+ |Zt—1| ﬁ - §0Zt—1 - 57 |Zt—1| ht—l;a,oc + /6 - 59215—1 - 57 |Zt—1| ht—l;a,aht—l;'y

with

1 1 1 1
Blhohins) = 7B +2) By + 1 (91811 - 36— 0B l] = 1) By
1 1
+ (8E1s1 - 0B 141 - 57) B

1 1 1
—- (62 +50°+ 37" = 1BE 2| + 570 (2 |Z|)) E (hi-y0.0l-157)

E;’y;a,om
if |52 + 6% + 372 = VBE |z + 370E (z]2])| < 1.
4.4 Alpha-Alpha-Theta
T
E (gaae) = _§E (ht;eht;ma - h?;ozhtﬂ + th;aht;aﬁ)
First as Eg =0

1 1
h?;aht;e = 21+ <ﬂ - 59%—1 — 37 |Zt—1|) (hi—1:0 + 22-1he—1;0)

1 1 2
+ (ﬁ - 5921671 - 5’)’ ’Zt1’> (thfl;é’htfl;a + thlh?—l;a)

1 1 ’ 2
+1| 06— 5«9%_1 - 57 |2¢-1] ht—wht*l?o"
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and it follows that

1 1 1
B (iulua) = — O+ vE 1) Bt 2 (84304 332 = 10B | + 208 (2 12) ) Bung

L(0*++%) E2* - 08 )
+( 1 o
( —BE [z|2]] + 0B |2 ) TG
B+ 3607+ 3877 — 10 (67 +3+%) B (%) — 461 |4 ) :
N | 2 E (he1oh? .,
( +3VB0E [z |2]] — 3y (37 + 36%) E (|2 (he-10h7 1.0)
- E(§a)2;9’

if [8° 4+ 2867 + 3842 — 10 (0° + 37%) E (23) — 2B°vE 2| + £B10E (2 |2]) — 2y (* + 36°) E |z|3\ <
1.

Next 1
Z'YE 2| E o0

1—(B—37E|z])’

E (ht;aﬁ) = E;a,@ =

if |8 —yE 2| < 1.

1 1 1 1
ht;aht;aﬁ = _§Zt—lht—l;o¢ + (6 - §ezt—1 - 57 ‘Zt—1’> <ht—l;a,€ - §Zt—1) h‘t2—1;a
1 1 1 9
+Z (0zi—1 + v |2z-1]) | Pi—1,0hi—10 + | B — 5921571 - Q’Y | 21| hi_1.0Mi-10
(o Yoo St) bt
— =0z — =7 |z —1;al—1;06,
2t1 27t1 t—1;0/0t—1;0,0
with

1 1
B(hahios) = 30+9B 1R By + (5= 115 12) g

1 1 1 1
+Z’}/E |Z| E;Q;Q + Z (B’YE |Z| — 572 _ 502 _ ’}/QE [Z |Z|]> E(;a)2;9
o, 1o 1, 1
+( B+ 1‘9 + 1'7 —VBE |Z| + 579E (Z |Z|) E (ht—l;aht—l;aﬂ)
- E;a;aﬂa
if |82+ 10° + 142 — vBE |2 + 310E (2 |2])] < 1.
Finally,
1 , 1 1 ,

hiohtaa = 1 (0211 + 7 |2-1]) 2 1hi 1.0+ (B — 59%—1 - 57 |21 hi 1.0h1

1

1 1 1 2
+2i1 <5 - 59%4 - 5’7 ’Ztl‘) htfl;a,oz + (ﬁ - 5921571 - 5’)’ |Zt1’> htfl;Ghtfl;a,aa
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with

1
B (hohiaa) = 70+7E[z]z]) {Ew _ 24 ht_ma]

1 1, 1,
+é_l BYE |z| — —7 — 50 —YOE (z|2])| * E
1
+ (B + 4 (02 +,7 ) /B/YE |Z| + E’YeE (Z |Z|>> E (ht—l;eht—l;a,a)
= E;G;a,aa

lf\ﬁ +160% + 142 —BE |2 + 310E (2 |2 |)}<1.

4.5 Alpha-Beta-Beta

T
E (gﬁﬁa) = _EE (ht;aht;ﬁﬂ + th;ﬁht;ﬂ,a - ht;aht2ﬁ>
First, from above we have

E.+ zlﬂE |2| Ep

E (hap) = Eiap = 7 G-1E])

if |8 —3vE ||| < 1.
Now as

hi.o In?h, = o®+ (92 + 72) 22 |4+ 2v0z 1 |21 | + 20021 + 20y |z
1426 (021 + 7 |z-1| + @) Inhy_y + 57 1In® by,

(6% +12) 221 + 20021 + o 1 1
~ TS ST PO
" [ +27 (@ + 02¢1) |21 p oVAt-1 2’7’% 1] ) Py,

1 1
+2 (af + BOzi—1 + 75 |21-1]) (ﬁ — 5921&71 — E’Y ’Ztl‘) hi—1.0Inhy—q
2 1 1 2
+8°( B — 5‘9th1 — 5’7 |zi-1| | hi1,0 In7 hy_q,

and

E (ht;a In? ht) = a?+6%+ 72 +2avE |z| + 290FE [z |z]| + 28 (VE |2| + ) L + 62L2

2B + By? + BO? — ay? — ab? —I— ary [26 — —a] E|z|

+ 1 2 2 3 . _ 1 82

=57 [V 207 B2 + 2008 — o] E[2]2]] - § [27+ | Ez

+8[208 — 0° =9 + (28 — a) E|2| — 290E [z |2[]] LE
1

+ﬁ2 (ﬁ — E’VE |Z|> E (htfl;a 1112 h,tfl)

== L2E;a7

E.

if |87 (B —3vE|2])| < 1.
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Now given that,
1 1 1 1
hioheg = Inhy g+ 5 — 59%—1 - 57 \ze1| | hecrg + | B — 59%—1 - 57 |ze—1| | 1,0 Inhy—y

1 1 2
+ 6 — 592,5_1 - 5’7 |Zt—l‘ ht—l;ﬁht—l;om

we get

2
a (62 + ;1192 + }172 —vBE |z| + %vﬁE (z |z|))
(@t B) L+ | =B(0°+72) + BB 2|+ §7 (37 + %) E 2]’ | Bag
+16 (0° + 3v%) E2® — 2B70E [z |2]]

+BL* + 3 <6 — %vE |z|> (LEg + L*E.,)

1 1 1
B(matsat) = (o (5= 398 1:) = 322 = 364 BB Lol = 20B 221} (LB + o)

1
+8 <ﬁ2 + 192 +
= LE,4,

1 1
D7 AOELEL + 3208 G1aD ) B (hosahios b

if |3 (8% + 36 + 172 — 1BE |2] + 370E (z|2]))| < 1.
Hence, it follows that

1
E (hiahip) = (B - E |z|) [2E, +2 (5 - —vE |z|> LE,
1
~y? —~BE|z| + 70E ) 2LE .5+ E. ))
%)

24 292 4
+ (ﬁ + 49 1
N < B0+ 480 + 357" = 10 (67 + 37°) (=) — 451 F | )E(hgmhtl;a)

—l—%’yB@E [z]z]] — %’y (72 + 392) E|z|
E

ja(;8)%
if |8° + 2062 + 2892 — 10 (02 + 392) E (2%) + 2By [0E (2 |2]) — BE|2]] — 1y (12 + 36%) E 2| <
1
Now for the second term of the E ({g5,), we have
1
hiaplnhy = (a4 0z_1+v|2-1|) bt—1,0 + 1 (Ozi—1 + v |z1]) (@ 4+ 021 + v |z1-1]) he—1,8Pe—1:0
1 1
+ (0z—1 + a4+ 7 |2-1]) (5 - 59%4 - 57 |Zt1’> hi-1;0.8 + Bhi—1.0Inhy—q
1
+Z (021 + 7| 2e-1]) Bhi—1,8he—1;0 I hyq
1 1
+ (B - 592%71 - 5’7 |zi1| | Bhu—1;0,8 0 hy—q,

15



and
1
E(hyaplnh) = (a++E|z2|)Eq+ 1 [aVE |z| +7° + 6% + 270E [z |2|]] Eoap
15, 15, 1
+laf—=v =0+~ |B—za| E|z| - E[z]|z|]| E
2 2 2
1 1
+/6LE;O¢ + ZBVE |Z| LE;a;B + B <6 - §7E |Z|> E (ht—l;a,ﬁ 11’1 ht—l)
- LE;Bzau

if ‘,6’ (6 — %VE |z|)| < 1. Further,
1 1
hightag = hi—rolnhiy + (5 - 5921571 — 5’7 |Zt1‘) hi—1,8hi—1;0
1
+Z (Oz—1 + v |2-1]) (ht1;,8 Inhy 1 + (5 - _ezt 1= —’Y |2 1|> P 15) hi—1:a

1 1
+ (5 - 592}—1 - 57 |Zt—1|> hi—1;a,8 0 hy—y

1 1 2
(8= 5021 = 51zl ) hershesiap,

and hence,
1 1
E (highiap) = LEq+ (ﬁ - §7E ‘Z|) Eiap + ZVE 2| LE,o,
1 1, 1, 1
+3 (BB 1A - 572 = 36 =0 a1 B + (8- 7B 141) LB
1
+ (62 + 192 +

- E;B;ocﬁv

1 1
7 = B+ 0B () ) Bhusahicang

if |87 + 1607 + 392 — BE 2| + 340 (2 ]2])| < 1.
For the first term of E ({ga,), notice that

1 1
higp = 2hi—1;8 + (ezt vy lzeal) B+ (5 — a1 57 |Zt1|> hi-1,8,8

and it follows that
T =Epgp
(= (5B T)

E (ht;BWB) =

16



Hence,

1 1 1
E (hyahigp) = ZVE 2] E(;ﬂ)2 +2E3 + (6 - ;F |Z|) Epp+2 (5 - §7E |Z|) Eiap

2
1 1o 1p 1
- (Zﬁvlzt_ll —gr gt T hE (Z|Z|)) Bty

1 1 1
(874 30+ 392 =8B 1A+ 520B G1aD) B (hosahesas
= E;Oé;ﬁvﬁ

if |82+ 10° + 142 — BE 2| + 310E (2 |2])] < 1.

4.6 Alpha-Beta-Gama
T

E (Eaﬁv) = _§E (ht;ﬁht;aﬁ + hiyha + healigy — ht;ﬁht;ahtw>
First,
1 1
hiohiyInhy = [|ze1] (Bz21 + 7 |2e1]) + |24 [1 + (5 - éeztfl - 5’}’ ‘Zt1|> htl;a:|

+ (a4 0z-1 4+ v]|2-1])

1 1 2
hi 1y + <5 - 59%—1 — 57 |Zt—1|) ht—l;aht—l;'y]

1 1
+13 <5 - 592}—1 - 75 |Zt—1|) (ht—m Inh;y + |Zt—1| ht—l;a In ht—l)

1 1 2
+8 |21 |Inhy—y + B (5 — 59%—1 37 ‘Zt—ﬂ) hi—1;ahe—1.4Inhy_q,
and it follows that
1, 1, 1
EhyohiyInhy = v+ aE|z|+0E [z|2|] + |af — 37— 59 +y(B - 5@ E|z| —v0E [z |2]]| E,
1 1 1
+OELAL+8 (8= 1B 12)) LB+ 9 (BB | - 0B 1] - 57) LE,

1 1 1
#[39- g+ asB 11 +0 (5= Ja) Blell) - 5 (0 + ) BLef — 1085 £,

@ (62+;1102+%72—Wﬁ§|z| + 10E (22|z|)) .
+ 9< 2 (0 +372)Ez3]>+ <6E|z|+;11(39 +72) E|2| ) B

—03 —BE [z 7] —0BE [z |2]] — 8
1 1 1
+03 (52 + 102 + 172 —YBE |2| + 5'79E (2 |Z|)) E (hi-17hi-1,0 In hy—1)
= LE;a;w

if |3 (8% + 107 + 192 —yBE |2| + 340E (2 |2]))| < 1.
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Then
1 1
hiaheghey, = | B — 59275—1 - ’75 \ze1| | (he—ry Inhy—q + 21| hu—i + |21 | he—1.0 Inhy—q)
1 1 2
+| 8- 5921571 — 75 \zi1| | (hi—1ghi—1y + ha—tahi—1y Inhy—y + |21 | Be—1.0hi-1,8)
1 1 3
+zi1|Inhey + (5 — 5‘92}—1 - 57 |Zt—1|> hi—1.ahe—1.8he—1,

and the forth term in E ({,3,) is given,
1 1 1
Blahuahiy, = EVIL+ (8= 39816l) LB, + (BELs] - 0B 141 - 30) (o + LE)

1 1 1
+ (ﬂ? + 192 + 172 —yBE|z| + 5WE (z |z|)) (E4E. + LELE.)
L PEIE =B (@) ERP g
—0BE [z |2]] + 3702 i
B°+ 389" + 367" — 50 (6° + 37°) B2? — 55|z
Ehy_1.0hi_1.5h_1.
" ( +3yB0F [z |2]] — 3y (v* + 36%) E (|2]°) t=Lialtt—1;,80-15

= Eapy
ip| 8 AP0+ 507 — G0 (07 4+ 39%) E (=) — 55 |2]
F3B0F [z 2] — 1 (v + 36%) F (=)
For the third term of E (¢,3,), we have that

< 1.

1 1 1 1
higy = htfl;'y_é |21 htq;ﬁ—i—z (0ze—1 + v |2z-1]) he—1,8hu—1.4+ (5 — 5921571 — 5’}’ ‘Zt1|> hi—1.8

with . .
E,—3E |z| Eg + e 2| Epiry

1— (8- 1yE|z|)

Eht;ﬁﬁ = = E;ﬂm

and

1 1 1
hiahipy = hi1y + 1 (021 + 7 [21]) he-1,5he—17 + (5 - 592}—1 37 |Zt—1|) b1,

1 1 1 1 1
+ <5 - 592%—1 - 57 |Zt—1|) ht—l;aht—lw - 5 |Zt—1| <5 - 59%—1 - 57 |Zt—1|) ht—l;aht—l;ﬁ
1 1 1 1
+Z (92’15—1 + |Zt—1‘) B - 59?«%—1 - 5’7 |Zt—1| ht—l;aht—l;,ﬁht—lw - 5 |Zt—1’ ht—l;ﬁ

1 1 i
+| B - 59%—1 — 97 [zl ) e-vahiors

18



1 1 1 1 1
Ehiahipy = By — §E 2] Eyp — B (BE 2] — §9E [2]2]] — 57) Loy + (5 - §7E |Z|> Loy

1

1 1 1
—G-Z’YE 2| Eipiy — 1 (B’YE 2] = 592 - 5’72 —0E [z ’ZH> Eaipry

1 1 1 1
+ <5 - §’yE |z]> Egp,+ (52 + 192 + =72 —~BE |z| + 579E (z \z|)> Ehi_1.0hi—1.+

4
= E;a;ﬁm

if |82+ 10% + 172 — 1BE 2| + 379E (2 |2])| < 1.
For the second term of E ({,3,) we have that

1 1 1
hiyla g = 1 |ze1| (Ozi—1 + 7 |2e-1]) he—1,8ht—1.0 + |20-1] <5 - 59%—1 — 57 |Zt—1|) hi—1;0.8

1 1 1
(5= 305 g el ) |14 5 O 7 s s i,

1 1 2
+ |ze-1| Pe—1.0 + <5 — 59%4 - 5’7 |Zt1‘) hi—1:4hi—1;0.8
and it follows that
1 1 1
Ehtwht;aﬁ = kK |Z| E..+ p— §7E |Z| Eony+ BE |Z| - §9E [Z |Z|] - 57 Eop
1 1 1, 1 1,
+ (OF [z |2]] +7) Eiayp + 1 BYE |z] — 5‘9 - 57‘9E [z ]2]] = 37" ) Baign

1 1 1
+ <[§’2 + 192 + 7 = BE |2 + 579E (2 !ZD) he-13 10,8

4
= Ew;a,ﬁ’

if ‘52 + %192 + %172 —vBE |z| + %’y@E (z \z\)} < 1.
Finally, for the second term of £ (¢,3,) we have

1 1 1 1
Niyoy = ) |2¢-1] ht—l;a‘i‘z (0zi—1 + v |2z-1]) he—1;0P—10+ <ﬁ - 59%—1 - 57 |Zt—1|) hi—1;0,75
with
1 1
Eln(h) hay = —3 (@B 2| +0E [z]2l] +7) B+ [07E 2] + 6% + 2908 [z 2] +4°] By
2

1 1 1
+(a (8- 9B 11) = 307 = 36+ B1ELel 0B s ) By +

1 1 1
_§5E |z| LE.o + Zﬁ’yE |2| LE.q.\ + B (ﬁ - §7E |z|) Eln (hi—1) hi—1,a.~
= LE

;a7’y :
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Further,

1
ht;ﬁht;a,'y = __|Zt 1|1n<ht l)ht La T

1
4
<@ - —9zt 1— —7 | 24— 1\)

(0zi—1 + v |ze—1]) In (Re—1) he—1.0hi—1

}1 [(0zi—1 + 7 |2e1]) hi—1y — 2|21 ]] Be—1.8P0—1;0
In (ht—l) ht—l;a,'y

1
<5 - 502% 1= —7|Zt 1| ht 1Bht L0,y
with
1 1 1
Eht;ﬂht;aﬁ = —éE ’Z‘ LE;Q + Z'YE |Z| LE;a;ry + 6 — §’YE |Z| LE;a,fy

1 1 1
5 (9811 - 0B L 120~ 1) B

1 1 1
+3 (=57 = 30+ SYE L = 0 41 ) By

1, 1 1
+ (52 + 30+ 37— 1BEz| + 510E (2 |2|)) Ehi-1phe-10,,

if |82+ 10% + 192 — vBE 2| + 319E (2 |2])] < 1.

4.7 Alpha-Beta-Theta

T
E (Lapy) = —§E (ht.ght.ap + heahiso + heohias — hiaheghe)

For the last term of E (L,59) we have that

1

1
ht;aht;G = %1+ <6 - §0Zt—l — 357

5 |Zt—1|) (hi—1:0 + 2e-1) hi—1:0

1 1 2
+ ﬁ — iﬁzt,l — 57 |Zt71| htfl;aht71;97

and as Ey =0

Ehiohiglnhy = 0+~E][z|z]]

0 (ﬁ — %QEZ?’ - %’yE |z|3) - %a (0 +~E [z ]z2]]) E
7 (BB 12 2] = 0B 2] — JyE2?)

[ o (B + 107 + 172 + 500E (2 |2])) + Bv[(B — ) B |z] — 20E (z]2])]

+30 (07 +39%) B2 + 3y (36 +°) B 2" — 8 (6° +77) Biect

+5 (~30 = 1B o) 28+ (8- 1Bl ) Lo

1
+8 (62 + 40"+
= LE;oz;@a

1 1
D7 = W+ 0B (1) ) B (he-sahios i)
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if ‘ﬂ (52 + iez + %172 —YBE|z| + %VHE (z |z|))| < 1, and
1 1
higheo = zalnhey + <ﬂ - 59%—1 — 37 |Zt—1|) (he—19In by + 2 1h1,8)

1 1 2
+ ﬂ — 5(92,571 - 5"}’ \th! htfl;ﬁhtfl;G

with
(B —3vE|2|) LEy — 1 (0 +~vE[2|2]])) By

Ehyghie = Eipgp = ’
1— (8% + 107 + 142 —yBE |2 + 140E (2 |2]))

and it follows that
1 1 1
Blahughea = 5 O49EL: Bl LB + (8= 328121 LEa = 3 0 4B D B

1 1 1
+ (62 + 192 + 172 —VBE 2|+ 570E [ |2|]> [LE.0 + E.p]

1 1
+ (4_1 (0> +~%) Ez* — 08 —yBE [z |2]] + —’yéE ]z|3) E

+( 5 48 (82 +9%) — 40 (6 + 39°) E ()
—30%VE |2 + 34B0E [z]2]] — 37 (2 +30°) E
= E;a;ﬁ;97

’ B> +38(0° ++%) — 16 (0° + 39%) E(2%) — 3B°yE 2|

+3B90E (2 |2]) — tv (42 + 36%) E |2’
For the thlrd term in £ (L,p0), notice

(’ | ) )Eht—l;aht—l;ﬁht—l;ﬁ

< 1.

1 1 1
ht;eht;a,,ﬁ = Zt—lht—l;a + Z (ezt—l + Y ‘Zt—lb (Zt—l + (B - éezt—l - 57 ’Zt—l|> ht—l;@) ht—l;aht—l;,ﬁ

1 1
+ (B - 592}71 - 57 ‘Ztlf) (ht—1.0ht—1.0 + 2—1Mt—1:0.8)

1 1 i
+ (5 - 592}_1 — 57 |Zt—1|) hi—1:0lt-1;0,5

and it follows that
1
Bluahios = (8= 37E 1) Bua+ 1 O+ 7B 120D B

1 1 1
v3 | (98161 = 57) = 500 + B B | Busa - 5O+ 1L D B

1 1
174 308 D)) Bhsahics

1
2_ E _92
+(ﬁ ByE 2| + 367+ 7

- E;B;a,ﬂ

if |82 — BYE |2 + 36° + 192 + 140E (2 |2])] < 1.
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For the second term in E (£,39) we have that, as Ey =0

1 VE 2| Ep
41— (B—L1vE|7|

Ehy.go = ) =Fip0

and

1 1 1
Ehyahyge = <ﬁ - §7E |Z’> B + 1 (0 +7E[2]2]]) Easp + <6 - §7E |Z|> Eis

1 1 1 1
B 12| Baa + 1 (BvE1el - 5302~ 10E 515l - 19°) Buno

1 1 1
i (52 + Z92 + 172 —BE |z| + 5705} (2 |z|)) Ehi_1,0hi—1,8
= E;a;,@,@a
if |87 + 1607 + 192 — BE 2| + 30 (2 ]2])| < 1.
Finally, for the first term E (L,39) we have

1 1
hiap = —§Zt—1ht—1;a + 1 (Ozi—1 + v |2ze-1]) he—1,0Pe—1,0

1 1
+ (ﬁ - 59%_1 57 |Zt—1|> ht-ta0,

and
1 1
Eht;aﬁ Inh; = 5 (9 +E [Z |Z”) Ea+ Z@'YE |Z’ LE.
1
Bz + 00+ 7B [z]2]]) +7 (0F [z [2] +7)] Eias
1 1
tla (8- 508 1) - 3 07+ 8 = 2508151 + 20 2D) | B
1
"‘ﬂ (6 - §7E |Z|) Eht—l;a,@ In ht—l
- LE;a,97
and also
1 1 1
Bhightna = § O+ 1B E1el) Ba + 118 12| LBing + (8 = 57E141) LB
1 15, 1,
+— | =57 = 30"+ BVE 2| —vOE [z |2]] | B
4 2 2
o, 1o 1, 1
H\ B+ L0+ 7 —BE el + 5WE (2[2]) | Bhi-vighi-tae
= E;B;a,@a

if ‘52 + %192 + %172 —yBE |z| + %’yﬁE (z \z\)} < 1.
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4.8 Alpha-Gama-Gama

T
E (gaw) = _EE (ht;aht;%v + 2ht;7ht;a,v - ht;ah?;fy) :

For the last term in E ({4,), we have

L (BP0 2 BB |2+ 0B (2 ]2])) 9
if |82+ 10° + 142 — yBE |2 4+ 310E (z]2])| < 1 and
1 1
Blealt, = 1+ (8= 3055~ DB ) Ea+ (8B |2| ~0B[: o] - ) B,

1, 1 1
n <ﬁ2 + 1_192 4 172 —BE |z| + 579E (2 ‘Z|)> B2

1 1
+2 <52E |2 + 1 (02 + 72) E |Z’3 —0BE [z]z]] =8 + 579231> Eiay

n B3+ %B (92 + 72) — %0 (92 + 372) E (23) =h 2
3B 2]+ 3B0E 2 5l] — by (22 5 36%) B o ) Pl

= K

)%

B> +38(0° ++%) — 160 (6% + 39%) E(2*)
—$6%VE |2| + $9BOE [z |2]) — g7 (v + 36) B2’
For the second term in E (¢,,,), we have that

if < 1.

1 1 1 1
hisony = 5 |21 htfl;a"i_l_l (Oz—1 + v ]|2-1]) htl;ahtl;fy"i_(ﬂ - 59%4 - 5’7 |Zt1‘) hi—1;0,5

with . )
_§E |Z| E;Oé + ZIVE |Z| E;a;'y

1— (8- 1vE[2|)

E (ht;ow) = E;ow =

if |8 — 1vE|z|| < 1, and it follows that

1

1 1 1
Ehyyhia, = _§E;a + (BE ‘z’ - §6E [Z |ZH - 57) (E;a,'y - §E;a;'y)

sa(y)?

1 1 1 1
+3 OB 13l 49) B + § (~37° = 36+ 1B L] - 105 2121 ) B

1 1 1
+ (52 + 192 + 172 —YBE 2| + 570E (2 \Z|)) Ehy 1yl 10,
= Eiyians
if [(82 + 10° + 17% — YBE |2 + 370E (2]2]))| < 1.
Finally, for the first term in £ (¢4,,), we have that, as

1 1 1
higyy = = |21l ey + 7 (02021 + 7 |204) hi g+ (5 — 5021 - 37 |Zt1|) Py,
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we get
—E|z| B, + 37E 7] Eiy

L= (B-pEll) 77
if |8 — 1vE|z|| < 1, and it follows that

E (ht;%v) =

1 1 1
Blahigy = ~EIA| By~ (BB Vil = 0B 16l = 37) B + (5= 595 11) Bn

1 11, 1
VB2l Byt 5 (—572 — 50"+ BYE|z| —10E [z |ZH) Eiam?

1, 1 1
- (62 + 30"+ 37 —1BEz| + 510E (2 |Z|)> Ehi-vahe-1:7,
— E

He et s
if ‘(52 + }192 + %72 —vBE|z| E (2 |z|))| < 1.
4.9 Alpha-Gama-Theta
T
E (la’ye) = _EE (ht;Ght;a,’y + ht;’yht;aﬂ + ht;aht;’yﬁ - ht;aht;’yht;e)
First, for the last term in E (o), as

1 1
ht;'yht;G = Zt-1 |Zt—1| + (ﬂ - 59%—1 - 75 |Zt—1|) (Zt—lht—l;w + |2t—1| ht—l;é’)

1 1 ?
+ 6 — 59,%71 - 75 |Zt—1‘ htfl;’yhtfl;e

and as Fy =0

Elz]2]] — 3 (0 +7E [z ]2]]) E;,

Eht; ht;9 —
! 1— (8% + 102 + 192 —1BE 2| + }90E (2 |2]))

= By,
if |8 + 10° + 17 — YBE |2 + $70E (z]2])| < 1, and we get
1 3 1 3 1
Ehyahiyhiy = Elz[z]] + | BE [z ]2] — §9E 2" — §’YEZ B — B (0 +~E[z]z]) £y

1 1 1
+ <ﬂ2 + 192 + 172 —YBE |Z’ + 5795] (Z |ZD) EW;9

1 1
+ (Z_l (0> +~°) E2® — 08 — yBE [2|2]] + F10E \z|3> E.o
1 1
+ <52E |z| + 1 (0 +42) E |2’ — 0BE [2|2|] — 78 + 5784”’1) E.00

3%+ %B (92 + 72) — %9 ((92 + 372) EZ3
+ < _%62’7E‘Z| + %’YﬂQE [Z|ZH ht—l;aht—l;”yht—lﬁ
= Eoamye
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" 63+§16(02+72)—10(02+37)E(3) 1
—36%9E |2] + 3B0E (2 |2]) — g7 (v° + 36%) E |2
Second, the first term in E (l4.4) is given by
1 1 1
Bheohioy = =3B 1212l B = 5 (9B1e] = 30812141~ 37) B

1/ 1

+3 (—§v2 - 592 +BYE 2] —10E [ IZI]) Eror0
1

+7 O+7E[212]) (B — 2Bas)

1 1
+ (52 + 204+ 242 —yBE |2| + fyGE( |ZD) hi—1.0h—1,0,

if |82+ 10° + 142 — vBE |2 + 310E (2 |2])] < 1.
Third, the second term in F (lavg) is given by

1 1 1
Ehyyhiag = _§E[ z|z] Eo+— (6 +vE [z]z]]) Eony+ <5E 2| — EQE [z ]2]] — 57) E.np
1 1, 1 1
4 (BYE |2 = 297 = 267 ABE [z 2] ) B+ 2 (0E |2 4 ) Eong

1
+ (,82 + 102 +
- E;'y;a,97
if |82+ 10° + 142 — vBE |2 + 370E (2 |2])] < 1.
Finally, for the third term in F (I,.9) we have that

1 1 1
hiqye = D) |2e—1] hy—1;0 — §Zt71ht71;7 + 1 (Oz—1 + 7 |2e-1]) he—19Pe—1:0

1 1
+ <5 - 59%71 — 37 ‘Zt1|) hi—1:0

1 1
P BB+ 5o0E (2 |z|>) b

and as Fy =0

vE |Z| E.0 —F

1
Fhyp = - =

and it follows that
1 1 1 1 1
Ehyahiqg = 1 (0 +~E[z]z]]) Eony— ) BE |z| — §9E [z ]z]] — 57 Eap+ Z’YE 2| E.
1 1 1, 1,
+ (8- §7E |2| E.o+ 1 _57 - 5‘9 + BYE 2| —v0F [z |2]] E oo
1
+ <52 + 192 +
E;Oéﬂﬂ?
if |57 + 107 + 392 — BE 2| + 340 (2 ]2])| < 1.

1 1
D7 = WELE] + 3208 (12D ) hesahioing
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410 Alpha-Theta-Theta

T
E (la99> = _EE (ht;aht;e,e + 2ht;0ht;a,9 - ht;ahie)
First, for the third term in E (l,99), we have that

1

1
h%;e = 271 +2% (ﬁ - iezt—l — 37 |Zt—1|) hi—1.9

1 2
<ﬁ__92t 1——7|Zt 1|) t—1;0

and, as Iy = 0,

1
Eh}, = = E, 42
O (B 1P+ 2 BB+ 0B (2 ]2])) T

and it follows that

1 1 /62+192+l 2
2 _ s s L 3 1 17
Bty = (83055 = 010 ) Bt ( _ gt V108 oy ) B

L(0*+1%) B2* - 08
e ( _’L;B(E 2 |z|])+ %'yeE Elk > Eias
+( B+ 36 (0°+1%) — 50 (0° +39°) E(=°) )h 12
—3B2E 2| + 34B0E [z |2]] — 1y (42 +36%) E |2} ) et
Eiaoy

B+ 28607 + 342 — 19(924—37 ) E (%)
—3B°YE |2] + ?’BWE( 12]) = Ly (v +36%) E |2
Second, for the first term in E (l,99), we have that

1 1
hioo = —ze—1hi—1,0 + — 1 (QZt L+ |zea|) R 10 T (5 - 59%—1 — 37 |Zt—1|) hi—1.0.6

with .
VE [2] Efpy2

1— (B—El])

Ehypp =
It follows that

1 1 1
Ehyohieo = ) (0 +7E[2]z]]) B + _7E || Eg2 + <5 - §7E |Z’> Eigo

1 1
+4—1 (—§’Y ‘92 +BVE 2] —10E [z |ZH) Eiaoy?

+ (62 + 192 +
- E;a;9,07

1 1
= WBE L+ 3208 (2D ) hosolicsas

T: ‘ﬂQ + 41162 + ;1172 —fyBE|Z| + %VQE <Z|Z|)} <L
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Finally, the second term in E (l,90) is given by

1 1 1
Eht;eht;a,e = _EE;a + 5 (9 + /YE [Z |Z|]) E§Ol§9 - 5 (0 + /YE [Z |Z|]) E§a79
1/ 1, 1,
+4_1 _57 - 59 + 67E |Z| - ’YQE [Z |Z|] E;a(;9)2

1 1 1
# (04 307+ 92 = ABE 1A+ 3208 G1aD) ) heosohe-sag
= E;G;a,ev

if ]52 + %192 + %72 —vBE |z| + %wE (z \z\)} < 1.

4.11 Beta-Beta-Beta
T

E (lspp) = D) (3E (ht.ghtpp) — E (h?;ﬁ)) .
First, for the last term of E ({gs3), notice that

Eln®(h) = o>+ 6%+~ 4+ 207E |z| + 290F [z |2]]
+28[a+yE || L+ B2 EI® (hy_y) = L?

Eln’® (hy) = o+ 3ay” + 306 + 30’VE |2| 4+ 6a10F [z |2|] 4+ 0 (37* + 6%) E2?
+7 (30> ++*) E 1z)° + 38 [0 + 7% + 0 + 2avE |2| + 290E [z |2]]] L
+38% [a +vE |2|] L + B*In® (hy_y) = L3

and

Ehp n?h, = {a2 + 92 + 0% + 290F [z |z|] + 2avFE |z|} L+28(a+~FE|z]) L? + 5213

? (B8 —37E|2]) + (0+77) (8 — 30E2° — 7B |2[)
£ —af (04 7B [22l)) + 207 (BE 2] — 10E = 2] - b1) b By
+240 (BE [z |2]] — 20E |2])* — 1VE23)

1 1 1
+28 o (5= 1B 141) - 307 - 36 + BrE1el — 0B Ls | LB

1
+/62 (/6 - 5’7E |Z‘) Eht_l;ﬁ 1112 ht—l
= L’Eg.
Also
2 2 1 1
hig = In"(hea) +2( 8- 592%—1 - §7|2t—1| In (A1) b1,

1

1 2
+ (ﬁ - 5921571 — 37 |Zt1’> h?_l;,éb
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and it follows

1
Ehslnh = la+yE|2[] L+ 5L + 25 (ﬁ - 57E|zl) L*Ey

1 1 1
12 [a (5 e |z|) 22?0+ BB |2~ 10E 2 |zn] LE,

af’+ (a—B) (0> ++%) + By (B —a) E|z]
+10 (6> + 3+2) EZ®

1 1 1
+03 (62 + 192 + 7% —BE |2| + 579E (z |z])) Ehf_w In hy_q

4
= LEggp2,

if \5 (B> +10° + 102 —yBE|2| + 319E (2 |z|))| <1.
Hence

1 1 1 1
Ehiﬁ = 3 (6 — §7E |z|> L’E;5+3 (ﬁ2 + 192 + 1—172 —yBE |z| + 570E (z |z|)> LE g

B o
=3BV E |2 + 3AB0F [2 |2]] — g (v* +30°) E'|z] e
= Eggp

B+ 3807 + 357° — 50 (0 +39°) E (&)

—36°VE || + $BY0E (2 |2]) — 37 (7 + 30%) B |2
Finally, for the first term in £ (¢333) we have that

if < 1.

1
Eht;gﬁ In ht = 2 (Oé + ’)/E |Z|) E;ﬂ + 2BLE,B + ZB’YE |Z| LE(;B)Z

1 1 1
+(a (8= J0B L) - 32 = 30 + v ol ~ 0B Lz ol ) Buns

1
+Z [any 2| + 0% + 290F [z |2|] + 72] E g

1
+8 (ﬁ —E !Z\) B0 7y
= LEgg

and it follows

1 1

1 1 1 1
+2 (ﬁ —30E ’Z|) B+ 3 (—572 - 592 + BVE 2] —10E [z |ZH) Egyp

1 1 1
+ (52 + 30"+ 17 — BB 2| + 10E (2 !Z!)) Ehiiphi—p

= Eppp,
if |57+ 30" + 177 — 1BE |e| + $90E (= 2])] < 1.
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4.12 Beta-Beta-Gama
T
E (bssy) = _§E <2ht;6ht;%ﬁ + hiy g — hiﬁhtw)
First, for the last term in E ({gg,), we have that

EhyyIn®hy = 2ay+a’E|z|+ (°++°) E 12|* + 200F [z |2]] + 270 E2®
+2B [aE |z| + 0E [z |z]] + 27] L + B°E |2| L?
o (B —3vE|2]) + [0* + 2] (8 — 20E2° — IyE|2]?)
+{ —aB(0 £ B le) + 20y (BE || - W[ - 1) § B,
+290 (BE [ |2]] — L0F |2° — 37 E2?)

1 1 1
#6820 (8-13B 14l ) - 57 = 36+ BrELs| 0B Le | LE,

1
+5? (ﬁ - ’YQE ’Z‘) Ehy—15In* hy_y
= LzEm

if |87 (B — 3vE|2])| < 1.
Also, as

1 1
highey = |z—1|In(hi—1) + (ﬁ - 5921&71 - 75 ’Ztl‘) (hic1y Inhyq + |z—1] u—1,8)

1 1 2
+ (5 — 0z — 73 |Zt—1|> hi—1.8M—1,7,
2 2
we get

—37E |2]) = 37°
Ehyshe Inhy = |aE|2|+0F L+ BE |2| L2 o (537 2 LE.
liauhe = (0B o]+ 0Bl i) 45l L+ sE L 2 | B St

+ { o [BE|2| - Y0E [2]2]] — 4] +7 (8 — 0B — 14E|2P) }E
#0 [E (22 = 305 P - b=
1 ) X
+ <6 gk |z|> L*E, + 3 <6E 2] = 5B [z]2]] - §7> LE,

a [f? 4 10 + 17° = 1BE |2 + $70E (2 |z2])]
+ +37 (362 +7°) B2 = B (6* + ) By
+B2VE 2] + 160 (6% + 37%) Ez% — 2Bv0E [z |2]]
1 1 1
+3 (52 + 192 + 172 —BE 2] + S 1E (z |Z|)) Ehy15he—1;y Inhyy
= LEg,,

29



and it follows that

1 1 1
By, = EVIL+ (8- 59814 1o +2 (8B 12| - 081 - 5 ) LEs

1 1 1
v2 (94 36+ 132 = VBB el + 3208 G:LaD)) LB,

L BEE 1 (@) Bl p
—0BE [z|2]] =8 + 500E2* ) T
N B2+ 38 (07 +77) — 50 (607 +39%) B (2%) W
—3B°VE 2| + $4B0E [z |2]] — §v (32 +307) E|2f* ) TR
- E(;ﬁ)z;v’
B+ 300° + 367" — 30 (" + 397 B (%)
—3B*VE 2] + §870E (2 |2]) — g7 (v2 +36°) B 2|
Also for the first term in E ({gg,), we have

if < 1.

1 1 1
Bhygolnhy = (a+9E|2]) B, +BLE, — 5 ((6+a)EIZI — 0B Lz )e] —57) Ey

1 1
+1 [(6* + 290E [ |2]) +7*) + avE |2|] Bg,, + BLE., — SPE 2| LEs
1 1 1
tla (9= 308 01) - 522 = 562+ 5151l 0B 0] B
1

1
+16’7E |Z| LE;g;»y + ﬁ (ﬁ — i’YE |Z|) Ehtfl;ﬁ,'y In ht,1
= LEg,
and it follows that
1 1 1 1 1
Ehyghipy = LE — §E 2| LE; + Z”)’E 2| LE;g;, — 9 BE |z| - §9E [2]2]] = 57 B gy

1

1 1 1
+ (5 - §’YE |Z’> (LEg~ + Epr) + 1 (ﬁ’)’E 2] — 572 — =07 — VOE [z |Z|]) E(;B)Q;v

2

1 1 1
+ <ﬁ2 + 30"+ 37 —1BEz| + 510E (2 !z|)) he—vighivis.

= Egga,
if |82+ 10° + 142 — vBE |2 + 310E (2 |2])| < 1.
Finally, the second term of E ({33,) is given by

1 1 1
highiss = 2Bz Eg + 1 (0E2 2] +7) Egp2 + (5]5 2] = SOE [2]2]] - 57) Epp
1

1 1 1
+2 (5 - 5E \Zl) Egy+ 7 (ME 2| = 57* = 56° —0E= |Z|) Epy2n

1 1 1
T <ﬁ2 + 102 + 172 — BB |2 + 570F (2 IZI)) Ehy14lu-15.8

= E;’Y;Bﬁ
if |57+ 30" + 177 — 1BE |e| + $90E (= 2])] < 1.
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4.13 Beta-Beta-Theta
E (£gp0) = —%E (2he5huo,5 + huohes,s — higheo) -
First, for the last term of E ({g39) and as Eg =0
Ehgln®hy = 200+ (0% +47) E2® + 207E [2|2]] + 290E |2)> + 28 [0 + vE [z |2|]] L

1 1 1
+28 o (8- 398141 ) - 372 = 36+ 018 12| ~ 0B s I LB

+5° (ﬁ — %'yE yz\) Ehy_19In% hyy
= L’Ey
Also
heghey = z—1lnhiq + <ﬁ — %921&—1 — %7 |zt_1|) (ht—rolnhiy + z—1hi—1.5)

1 1 2
+ (8- 5921:—1 - 5’7 T hi—1,5he-1;0

with

1 1
Bluahealate = [a (8= 398 |l) = 327 = 308+ 918 |2| 108 s1al | £

+ @B B L+ 5 (- 37E1) LPBa - 360+ 1B L) LES

. { 7 (BE[z|2l) = 30E |2 = 57E2%) = 3a (0 + B [z 2] } I
+6 (B — 10E23 — LyE 2] ) s

. [ 0FORMG + yFORMA |
+aFORM?2 50
2 1 2 1 2 1
BB+ 107+ 7" = BBz + 5708 (2 ]2]) | Ehe-riphue—vio Inhy—y
= LEgg

if |8 (8% + 16% + 142 —yBE |2 + $10E (2 |z|))| < 1, and it follows that
1

1 1
" = WELE] + 3208 G1eD) ) Lo

1
+2 <52+192+
L, o 2 3 1 B
+ (7 (07 +9°) B2 =08 —BE [z |2 + S10E |2 ) By
(g e VL
—3B°VE 2] + 39B0E [z |2l — 1y (12 +30%) B[ ) et
= E(;6)2;0
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: B+ 307 +359° — 50 (0 +39°) E (&)
—36°YE 2| + 3B10E (z|2]) — 37 (v* + 36%) E | 2]
For the first term of E (¢339) we have that
1 1
higo = hi—1,9 — §Zt—1ht—1;6 + 1 (0zi—1 + v |2z1-1]) hu—1,8he—1.0
1 1
+ (5 - 592}—1 - 57 |Zt—1|> hi—1,5.6
and as Ey =0
1 1 9 9
Ehigolnh, = —3 [0 +~E [z|z]]] Es + 1 (ayE |z + 6 + 27v0E [z |2|] + 7°) B

1 1 1
o (8- 508 121) - 307 - 36 + B2E1el 0B sl B

1 1
+BLE,y + Zﬁ’YE |z| LE.g9 + 3 (5 - §’YE ’Z’) Ehi_1.89Inhi_y
= LEgy.

It follows that
1 1
Ehyghigy = LEg+ (8 — J1E 2| ) B + 1 (0 +E [z |2]]) Ep)

1 1
1B 2| LE g0 + <5 - 5B |Z|> LE.g

1 1 1
+4_l <_§'y2 — 592 + BvE |Z| — 0L [Z |Z|]) E(%5)2§9

1 1 1
(074 30+ 92 BB LA + 5208 GLeD ) Bhesaheosag

= Eppo,
if |87 + 1607 + 392 — BE 2| + 390E (2 ]2])| < 1.
Finally, the second term of E ({gp) is given,
1 1
Ehuohiss = 2\ 8= gvE|2| ) B+ 3 (0 +7E [z ]2]]) <E(;,5)2 - QE;B,B)

1 1 1
+1 (=37 = 38+ 9181l = BB 1) B

1 1 1
T (ﬁ2 + 192 + 172 — VBB |2 + 570F (2 \Zl)) Ehi—v0hi-155

= FEppp,

if ‘62 + 1607+ 142 —BE|2| + 40E (2 \z|)} < 1.
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4.14 Beta-Gama-Gama
T
E (gﬁw) = _EE (ht;ﬁht;%v + 2Ry gy — ht;ﬁth;w)
First, for the last term in E ({g,,) we have

1 1 1 1 2
hfw = 23_1-1-2 T (5 - 59215—1 - 75 \Zt—1|> b1+ (5 - 59%—1 - 75 |Zt—1\) h?_m

and
1 1
Ehi Inh, = a+0Ez"+~E 12> + BL + 28 <6E |z] — §9E [z ]2]] — 57) LE.,

0 (BE 2| = 0E = 2] — 49) +0 (3E [ ||| - 30 |-
L ! . 3 E,
—Y9EZ + (8 — 37E |2]°)
a (B2 + 107 + 192 —BE 2| + 0B (2 |2]))
+| =867 +%) +BE|z| + 1y (36° +42) E|:[* | B,
+10/ (6% + 392) B2® — 2840B [2|z]]

2

1 1 1
+03 (62 + 162 + 172 —BE |z| + 57«9E (z |z|)> Ehf_m Inh;_y
= LE,),

if |3 (6% + 10° + 37° —vBE |2 4+ 370E (2 |2]))| < 1. It follows that

1 1 1 1
Blalt, = L+ (95055~ BLf*) Bat 2 (8512 - 0BT 1:0 - 50) LE,

BPE 2| + 1 (6° ++2) E |2
2 < —0BE [z |2]] = 7B + 370E7° B

1 1 1
+ (410 + 177 BB + 320B GLaD) LB

B +38 (07 +97) — 50 (0° +39%) £ (2°) 2
+ 3 02 3 1 2 2 3 ht—l;ﬁht—m
—SBMVE |2 + 5780 [2|2]] — 5y (2 + 30°) E |2
- E;B(W)Q’
B+ 560" + 87 — 50 (0" + 39%) E(2%)
—3PVE |2| + §870E (2 |2]) — gy (v* +36°) Bz
First, for the first term in F (¢3,,) we have,

if < 1.

1
Eln(h) hin, = —[aFE|z| +0E[z]|2] + 7] Ey+ 3 [avE 2| + 6% + 290E [z |2]] +7°] E,,y2

1 1 1
tla (- 3081 - 372 = 50+ 181l = 0B [ )| B

1 1
—BE|z|LE., + ZBWE 2| LE (.2 + B (B — §'yE |z|) Eln(hi—1) hi—1.
= LE

VY0
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and it follows
1 1 1
Eht;ﬁht;'y;y = —-F |Z| LE;’Y - BE |Z| - §0E [Z |Z|] - 57 E;ﬁ;’Y + ZIVE |Z| LE(;7)2

1/ 1 1 1
= (—572 — 6P+ BYE |2 — 10 [z \zu) Bpe + (5 —F ‘Z’) LB

1 1 1
+ (52 + 192 + 1’72 —VBE |2 + 579E (2 ‘ZD) Ehi 15107
= Egny,

if |82 + 10° + 172 — 1BE 2| + $79E (2 |2])] < 1.

Finally, the second term of E ({3,,) is given

1 1 1
Ehyyhigy = E 2| E., - §E;B + 1 (0Ez |z +7) Egy+ (08— §7E 2| E(;7)2
1 1 1
+ | BE 2] - §9E [2]2]] = 97 Epy— §E;BW

1 1 1
+1 (—572 - 592 +BVE 2| = 10E [ |Z”> Eig iy

1 1 1
+ <ﬁ2 + 192 + 172 —yBE |z| + 579E (z ]z\)) Ehi_1.yhi—1,5.~
= Ew;,@ﬁ
if |87 + 167 + 392 — VBE 2| + 39E (2]2])| < 1.
4.15 Beta-Gama-Theta
T
E (gﬁw) - _EE (ht;(?ht;ﬂ:y + ht;vht;Bﬁ + ht;ﬁht;vﬁ - ht;ﬁht;vhtﬂ) .

For the last term in E (g,9),

1 1
hivhio = 21 |z-1| + <5 - 5921571 - ’75 |Zt1‘) (Ze—1hi—1,y + |2e-1| Pe—10)

1 1 2
+| 8- 592%—1 - ’75 |Zt—1| ht—l;vht—1;97

and as Ey =0

Elz|z]] - 5 (0 +~E[z]z]]) B,
1— (8% + 307 + 172 = 1BE |2| + 370E (2 |2]))

Eh by =
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Further,

Ehyyhiglnh, = aF[z|z]] +0E|2]> + vE2* + BE [z |2|] L
[ —50 (0 +7E [z ]2]])
19,3 _ 1 3
+ +0 (8 — 30E2% — ivE|2]") E.
| (BB [z |l - 30B |3 — 39E=)
a (8% + 167 + 172 — yBE |z| + I10E (2 |2]))
+| =B +72) +BE |2l + 37 (30 +72) E|2]> | Eiyo
+10 (07 + 3v?) E2® — 2B90F [z |2]]

~5P O+ 2B ) LB, + 8 (8B 12| - 0B 12 - 5 ) L8

1 1 1
+3 (52 + 192 + 172 —BE 2] + S 1E (z |Z|)) Ehy10hy—1, 10 hyy

= LEqy,

if |6 (62 + 107 + 37° = ¥BE 2| + 370E (z|2]))| < 1.
It follows that

1 1 1
Ehyghinhie = Elz|2]] L+ (52 + 192 + Z’Yz —VBE 2] + 57‘9E (2 M)) LEp

1 1 1 1
+ (ﬁE |z| — §9E [z ]z]] — 57) LEy+ <BE [z |2]] — §0E |2)* — inyz‘g) Eg
1 92 2\ B3
+ ( N ( i ) f 3 ) Eipy
08— ABE [z |+[] + 110F |2

| FEIA| 41 (0 +2) B2
D) (0 +~E[z]2]]) LE, + ( —OBE [z |2]] — v8 + %VHEZ?’ Eip

B° + 23 (0% + — 20 (0 3 E
( 3 ( Y ) 5 ( + 3y ) (2°) ) Ehy 1,80 —1.4hi—1.

_l’_
—3VE |2 + 3980F [z |2]] — 37 (37 + 30°) E |2’
= E;B;vﬁv
3, 3202, 322 19 (p2 2 3
if ( 326+4393+4B7 89(91+3Z)E(QZ> 3)‘<1-
—38°7E |2 + 3B10E (2 |2]) — 7 (v* + 30°) E |2
Second,for the third term in E ({3,9), as Eg =0
1 1 1
Eln(h) heo = —3 (0+7E [ 12]) By — 0B |2| LEg + 3 /7B 2| LB
1
43 (P + 0B [ |2]) + 77 + 0 |2l) B
1 1, 1,
+lalB— EVE 2| | — 57 - 59 + BYE 2| =10E [z |2]] ) B0

1
+53 <5 - §7E |Z|> In (ht—l) ht—m,e
— LE;'y,&J
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if ‘ﬂ (5 — %VE |z|)| < 1, and

1

1 1 1
Eheshiye = (5 —37E |Z|) LEyo— 3 (5E 2] = 0B [ ]2]] = 57) B

1 1 1
_§E |2| LEg+ 1 (0 +~E[z]2]]) B+ Z”)’E |2| LE.

1 1 1
+4_l <—§72 - 592 + BVE |z| —v0E [z ‘ZH) Eps.0

1 1 1
+ (ﬁ2 + 192 + 172 —BE |z| + ?yeE (2 \z|)> he—1.5hi—1..0
= Eigro,
if |82 + 10° + 172 — 1BE 2| + 379E (2 |2])] < 1.
As Ey = 0, the second term in E ({g.9) becomes
1 1 1
Blighian = §OEL:1:l+9) g+ (BB 12| = 08101 - 1) Ea

1 1 1
~50B Vo B+ (8= 13 B 12) B+ § 04 9EL: 1) B

1 1 1
+z_1 (—572 - 592 + BVE 2| —v0F [2 |ZH) Eg:00

1 1 1
+ (52 + 192 + 172 —YBE|z| + 579E (2 |Z|)) hi—17hi-1,80
= Ew;b’ﬂ?

if ‘52 + }192 + ;11')/2 —vBE |z| + %'yGE (z \z|)} < 1.

Finally, the first term in £ (¢3,9) equals

1 1 1
Ehiohig = _§E [ ]2]] Eg+ 1 (0 +~E[z]2]]) By — B (0 +~E[2]2]]) Ep
1 1 1 1
+ (8- 398 121) B — 5 (98131 - 305 2121 - ) B

1 1 1
+1 (257 - 30+ PELA 0B s el ) B

1 1 1
+ (ﬂ2 + 192 + 172 —vBE|z| + 57957 (2 !Z!)) hi-v6l-1,6.4

= E;H;ﬁ,w

if ‘52 + %192 + %172 —vyBE |z| + %’yﬁE (z \z\)} < 1.

4.16 Beta-Theta-Theta

T
E (Igog) = —3F (heghios + 2huohepo — heghiy)
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First, for the last term in E (Iggp)

Ehiylnh, = a+0Ez*+~E 121> + BL — B (0 + yE [z |2]]) LE,
a (B2 + 30"+ §7%) = B(0°+9°) +78(8 =~ ) B2
+ +1y (302 + %) E|2” + 10 (0* + 392) E2° E gy
+70 (30 — 28) E [z 7]
1 1 1
+3 (52 + 102 + 172 —YBE |z| + 579E (z |z|)) Ehf_w In h;_q
- LE(;G)Q’

if |8 (8% + 30" + 17° — ¥BE |2] + 390E (2 ]2]))| < 1, and

4

1 1 L(0*++%) E2* — 08
+L+ ——0Ez3——Ez3)E. +2< 4 )E
(53087 = il mas 2 _SE ) VO ) B
n B2 +38(0° ++2) — 160 (0% + 39%) E(2*) b2
—36°E |2| + 3980 [z |2]] — g7 (77 +36%) B|2f* ) TN
iB8(6)

1 1 1
Ehghly = —(0+~E [z =) LB, + (52 £330+ 77 = 1BE |2l + 590 (z rzo) LE

= b

" ‘ B+ 5667 = 30°B=° — 3y (B |2| = BOE (z|2]) + 16°E |2I")
+342 (8 — 20E2®) — :°E 2|
Second, the second term in E (lgg9) equals

<1

1 1 1
Blahiso = 5 (0+1E L Bl Bao+ (8- 598141 ) B = 5 04 1E L Bl B

1 1

1, 1,
3B+ 1 (—37 = 50+ BYELEl 0B :1a]) By

1 1 1
+ <52 + 182 + 172 — ’YBE |Z| + §’YHE (Z |Z|)) Eht_l;ght_l;ﬂﬁ
= Eope,

if |82+ 10° + 142 — vBE 2| + 3710E (2 |2])] < 1.
Finally, for the first term in E (Igg9), as Eg = 0,

1
Ehygelnh, = 1 (07 + 290E [z |2]] + 7% + oy E 2] By
1 1 1
+(a (8= 30B L) - 322 = 30 + 61 ol ~20E = 1)) B

1 1
+18 0+ 7B [z[2]]) LE¢q2 + 5 (ﬁ —37E |Z|) Ehi 1000 hy
= LEyp,
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and it follows that
1 1 1
Bhushios = 11BJ| LB+ (8= 31B 1) LBaa+ 3 0415 [z12]) B
1/ 1, 1,
t1l-37 — 59 + BVE |z| =0E [z [2]] | E g2
1 1
+ <52 + Z (02 + 72) _ /yﬁE |Z| —+ §Q’YE (Z |Z|)> Eht—l;ﬁht—l;eﬂg

if ‘52 + %192 + ;1172 —yBE |z| + %’y@E (z \z\)} < 1.

4.17 Gama-Gama-Gama

T

1 (E’WW) - D) (3E (htwht;%v) - b (h?w)) )

First, for the last term in £ (¢,,,)
1 1 1 1
h?;fy = 3 (ﬁ - 59%—1 - 75 |Zt—1|) [Zflht—l;y + |Zt—1| (5 - 59%—1 - 75 |Zt—1|) hfl;v}

1 1 3
+ |Zt—1\3 + (5 - 5921&—1 - 75 \Zt—ﬂ) hf_m,

and
197,3 2 1(p2 A2 3
3 B —30Ez BB |z + 3 (07 ++7) E ||
o o T ) m s (Lot s e ) o
" 1_( B+ 38 (0° ++%) — 10 (6° + 372) E (%) 3)
—3BME |2| + 39B0E [z |2]] — §7 (77 + 30%) E |2
= B
3., 37502 _ 1p37.3 _ 3. (732 _ 10270113
i p°+ 1807 — g0 E3z2 =Y gﬁ E?])z\ 1693E (2 ]32]) + 10°E |7| ) ’ <1
+342 (8 — 30E23) — i3 E |2
Finally, the first term in £ (¢,,,) equals
1 1 1
Blughtor = ~Eq + (3 0B :1:049) = (8E1s1 - 30812121 - 37) ) B

1 1
+ (8813l - 0BT 0l - 57) B

1/ 1, 1,
+3 (=377 - 307+ 1B 12| = 0B = ) By

1 1 1
(574 304 30 = VB 4 3208 D) ) hcshicse
= By,

if |87+ 167 + 192 —yBE|2|| < 1.
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4.18 Gama-Gama-Theta
T
E (Ewe) = _EE (ht;Ght;%v + 2htwht;%9 - hiyht;9>
First, the lest term in E (¢,.9), since Ey = 0, equals
9 3 1 3 1 3 1 3 1 3
Ehi ho = Ez°+2(BE[z]z|] — 56’E |z|” — §7Ez E.+ (/- 56’Ez — ivE 1z|” | E.a
1 (g2 2\ £.3 _ ¢ 2 1 (p2 2 3
+( 4( +7) f ﬁ3 >E("y)2+2< BE’Z|+4(9 +7)1E|Z|3 )E;v;e
—VBE [z |2]] + 370E 2] ’ —0BE [z |z]] — 8 + 370E=

+( 63+%6(02+7)_19(02+37)E( 3) )ht 1oh?
—3B%VE 2| + $yBOE [z |2] — 3v (2 + 36%) E |2 ) T
E;O(;'y)2

B2+ 280> — LPE2® — 3y (B°E |2| — BOE (2 |2]) + 10°E |2[°) ‘ <1

+342 (8 — L0E2%) — 13E |2
Second, the second term in E (¢,.4), since E.y = 0, equals

1 1
Ehiyhiqe = _§E [Z |Z|] E,+5

5 B (OF [z 2] +7) — (BE 2| — %QE (2]2]] %7)} o

1 1 1
b O+ VB 1) B + (BB 141 = 0B (21211~ 37) B

1 1 1
+7 (-572 - 592 + PVE |2 =10E [z ‘ZH) Eize

1 1 1
(574 304 39 = Al 4 320 G 1) ) s

4
= By

if |82 + 10% + 172 — 1BE |2 + $79E (2 |2])] < 1.
Finally, the first term in £ (¢,),

1 1
Bliohiny = ~E[[a By + 10+ 1B 120D B — (BB 12| = 3010 - 57) B

1 1 1 1
—5<9+7E[z|zu>Em+1(—ﬁ——euww B[ 120) By

1, 1
+ (62 + 20+ 37— BB ] + 79E( |Z|)) hur0he-1i77

if |87 + 1607 + 192 — BE 2| + 340 (2 ]2])| < 1.

4.19 Gama-Theta-Theta
T

E (1799) = _§E (ht;'yht;(?,@ + 2ht;9ht;%9 - ht;'yhie) .

39



First, the last term of E (l,99) equals

B°E|z| + 1 (6 +2) B |2
1 3 E(9)2
—0BE [: 4] — 45+ 1o ) T
L(0* ++%) E2* - 08 1 1
4 _ - 3 _ 3
+2 ( VBB [z |2l + %nyE |z|3 ) B9+ <ﬁ 20Ez 27E || ) E.
e e S
—3B°YE |2] + 39B0E [z |2]] — v (v* +30°) E |2 T

Blughty = Bl +

= B0
2 _ 143 2 _ 102 3
" 3%+ 3p0° — 10 E3z2 3y gﬁ E?|)z| 1693E (2 |3z|)~|— 10°E |2|) <1
+47 (6—§9EZ)—§7 E|z|
Second, the second term of £ (l,99) equals
1 1
Ehyohiyo = _§E7 +5 (9 +7E [2]2]]) Eiye — B (0 +7E [2]z]]) Erp
1
-l (BE 1= §9B 140 - 37) B
1/ 1, 1,
T —57 29 + BVE 2] = VOE [z [2]] | E. 002

1
# (54 304 107 = WBLEL + 208 12D ) hahicsag

= Loy,

if |82 + 10° + 172 — VBE |2 + 379E (2 |2])| < 1.
Finally, the first term of E (I,99) equals

1 1 1
Ehyyhigo = 3 (9 +E [Z |ZH) E.o+ (BE |Z| - §0E [Z |ZH - 5’7) Epp
1 1 1 9
S OB 2] +9) B+ (—20 = 2024 9B 2] 0B [221]) E. o

1, 1
+ (62 + 20+ 37 — BBz + 579E (2 |2|)) hi-13T1-1:0.6

= B0,

if |82+ 16° + 142 — BE 2| + 310E (2 |2])] < 1.

4.20 Theta-Theta-Theta

T
E (&999) = _5 (3E (ht;Oht;9,9) - LK (hgﬂ)) )
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First, the last term of E ({gg9), and as Ey = 0, equals
1 (p2 2 3
B 43( g _Lsp i por iy ) B
O L o
—36°E |2| + $YB0E [z |2]] — §v (v + 36%) E |2

Ehz@ =

- E(;9)3’

B3+ %592 + 362 — 30 (92 + 3+?) EZ3
—2B*E 2| + 3Bv0E (z|2]) — &y (v* + 36°) E|2|°
Finally, as F,y = 0, the first term of F ({ggg) is given by

if < 1.

3 1
Ehighioo = 7 (0+7Ez|2]]) B — 5 (0 +7E 2 ]2l]) Eoo

1 1 1
+1(-37 - 3P+ BBLE 0B :1a] ) By

1 1 1
+ (52 + 192 + 172 —yBE|z| + 570E (z \z|)> Ehi_1,0ht-1,00

— E;G;G,@v

if |82+ 10° + 142 — vBE 2| + 319E (2 |2])| < 1.

5 Expectations of Cross-Products

For this section let @ be any of the parameter a, 3,7, or 0, i.e. @ € {a,f3,7,0}.
Further, from the expected values only the terms of order 7" are kept. This is due to
the fact that all expectations are devided by 7. In this section we have repeatedly
employed the following formulae

T—1T—t T—1
STt 1 T
k=1 — = 1
;;S t=1 S—1 1_S+O()
T—1T—t
T
gt = ——+0(1)
t=1 k=1 1 6
T—1T-t
T
k—1 gk—1 _ 1
grS TS +0(1)

provided that |S| < 1 and |5] < 1.

5.1 @*Alpha-Alpha
We have EY" " (22 — 1) 2282 Jhea = B S ps; (22 = 1) 7\ kahtz@ Where:

s<t
1 1
ht+k;a =14+ (58— §ezt+k—1 - 5’7 |Zt+k—1| ht+k—1;a

41



and

1 1
h?+k;a = 1+2 (5 - 592t+k71 - 57 ‘ZtJrkl‘) ht+k—1;a

+
1 1 ’
+ (5 — 5‘92t+k—1 - 57 |Zt+k—1|) ht2+k*1;a’

Hence
1
E(2—1)Rpohe — 2(g_§7E\z|)*E(zg_1) hesk vohna
2 1 2 1 2 1 2 2
+ (824 107+ 7" = BB 2| + SA0E (2]2) ) B (2 = 1) hisiyiahisa
But

1 k—1
E (zt2 — 1) hitizahea = 3 (5 — —E |z|) (VE |z| —0Ez* —~vE |z|3) * Eht.ohio
Hence
k-1
(8= 37E[2]) (8% + 30° + §7° = vBE 2] + 370E (2 ]2]))
1 k
— (8- 37E|7])

(8% + 30° + 1792 —yBE 2| + 379E (2 |2])) — (B — 37E |2])
X (’YE 2| — 0Bz — vE ’Z|3) * Ehgohia

E (2} = 1) hi jahia

2 ]' 2 1 2 1 i
+ (8 +19 + —75E|2!+§795(2|2D

(YE |2 = 0Ez* = vE |2°) Ehpahia
+1(0° ++2) (E2* — 1) — BOE
2+ By (E 2| = E2°) + §90 (EZ® |2| — Bz |2]) Eh;  hue

X

and it follows that E'S", ' 301 (22 — 1) h2, . hue equals

T 1 VE |z| — 0Ez* —AE |2
L= (8% + 30" + 492 = BB 2| + 390E (2 |2])) 1 (8- 37E]2])
—I—Ti (92 +792) (Ez* — 1) = BOEZ3 + By (E|2| — E |z[3) + 390 (EZ%|z| — E= ]z\)E ]
1— (82416 + 192 —yBE 2| + 110E (2 |2])) Ge)™s@

;@

+O(1).
5.2 @*Alpha-Beta

We have EY. 3 (22 — 1) 22hahighea = B 5 Sohot (22 — 1) hysiahigphiza Where:

s<t

1 1
ht+k;a =1+ (5 - §ezt+k—1 - 5’7 |Zt+k1|) ht+k—1;a
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and . .
hitrp = 1In (heyr—1) + (ﬂ - 592t+k71 57 ’Zt+k1\> Ptk—1,8-

First as

E (2 = 1) Inhyyphia = gt (0Ez} ++E 2| —vE |2¢|) Ehte

and
k-1 k—1
B—yElz])" -8
E (2,52 — 1) hiskghta = —2 (GEzf +~E \zt]3 —~E |zt|) ( 2 fy’E'\)z\ Ehia
1 1 k-1
+3 OB 12| =08 < B L) (8- 398181 )  Ehushus
we get

8- 3yBle)" — 1 =

x (0EZ* +~E |z|> — vE |2|) Ehya
I a(B-3vE|2|)+— 32— 102+ BvE|2|—10E|2|2]] T
2
X (YE|z| = 0E=* —yE |Z|3)
o (B(8=37B10)) "~ (54 1=) "

+ (B=1)(B~57El=|) Eoe
a'YE'Z'*eE;SﬂEIZlS + BOEz3 — P12 [ 4
+ +%72—|—79 (Ez\z| — Ez|z| )

L +0 (E|z]3—E|z|) +%92
N (vE |2| —0E2® —vE |z|3) B
2

1 k—1
X (5 </3 — §7E |z|>) En (k) hiohia

43



Hence E (22 — 1) :;F;ll ij his ko isk:phea equals
0Ez3 4+ vE 2> — vE |2| 1
N (@1 + 12— 48 1E 1-3
(8% + 10* + 172 — VBE |z| + 370E (z|2]))

! B—31E 7]
E.
" (1_ (6_%'7E|2|) * 1_ﬁ(6_%7E|z|)) :@

T YE |z| — 0Ez* —vE |2 1 Eheshia
21— (624 30° + 372 = VBB 2| + 590 (2 |2)) L= (B — 7B |2[)
7 1 B—37E 2|

L= (8% + 30% + 372 = 1BE 2| + 570E (2 |2])) 1 = B (8 — 57 E |2])

LA 5108 -5

| +B0Ez* — 1 (0°++%) Ez* +10 (Ez|2| — Ez |z|3) Eisa
+6v (E 12| — E |2]) + 242 + 16?

+Z YE |z| —0Ez3 —vE |2 1

21— (8% + 10" + 1792 = 1BE |2| + 5790E (2 ]2])) 1 = B (B — 37E |2])

L(0% +72) (B2* — 1) = BOEZ + By (E|2| — E |2]”) + 370 (B2 2| — Bz |2|)

+T4 2 12 1.2 1
1— (B + 307 + 192 — yBE 2| + 240E (2 |2]))

N =

E;a;@

Et;a;ﬁ;@

+0(1),
provided |? + 16° + 14% — yBE 2| + 140E (z]2])| < 1 and |8 — 3vE|2|| < 1.

5.3 @*Alpha-Gamma
We have EY > (22 = 1) 22hiohiyhse = E Zf;ll ;‘:;f (22 = 1) hysksahis kn hi:@ Where:

s<t

1
E (2152 - 1) ht+k;aht+k;'yht;@ = (ﬂ - §P)/E ‘Z|> * B (th - 1) ht+k71;'yht;@

1 1 7Ez—0E23—7EZ3
+ (PE11 - 38 oo - 57) TR =0B

1 k—2
X (5 - §7E |Z|> Eht;aht;@

1 1 1
# (54104 177 = BBl + 0B 12 )

xXE (ZtQ - 1) ht-l—k—l;ozht—‘rk—lwht;@

1 2
E (Zt2 - 1) htJrkfl;aht;@ = (5 - §7E |Z‘) 5 (7E ‘Z| - QE'Z?) - 7E ’2‘3)*E (ht;aht;@)'
Also
1 i (E|2* — |2|) Ehs,
E 2 _ 1 . Q@ = — —~F t;Q
(= messten = (3= 810) [y (1ot s o1 2
(1)
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It follows that F th:ll ;‘:;f (22 = 1) hegsahis kn hia equals

T
1— (B°416° + 12 — yBE |2 + 310E (2 |2]))
(B2l = [2]) * Bhya + 3 (B |2| = 0E2° —1E |2°) Epya
L= (8- 57E|2)
T
L= (8% + 0% + 192 = VBE 2] + 370E (z2]))
X{ BE|z|—30E[2|2]— 2’77E\z| 0Ez%—vE|z° —|—6(E\z|3—E|z|)

1—(ﬂ 37Ez|) 2 )
—16 (Ez|z| —Ez|z|) =iy (Ez]" = 1)
.\ T
1— (B2 + 10 + 192 —yBE 2| + 210E (2 |2]))

1 2 2 4 3
i (074 7) (B2 = 1) + By (B 2| - Ef)
. ( —BOEZ + 240 (E2% |2| — Ez |2|) Ehyhyahya + O (1)

} Eht;aht;@

if ‘62 + 160 + 142 —BE|2| + 310E (z\z|)} < 1 and ‘ﬁ — %7E|z|} < 1.

5.4 @*Alpha-Theta
We have B S (22 — 1) 22hahiohea = ES r1 Sorct (22 = 1) hi g geahis ki where:

s<t

k-1 k=1
(5° +16° + 17* — BB 2| + $90E (z2)) " — (8- 37E |2)
B2+ 367 + 172 —1BE 2| + 370Bz 2| — B+ 37E 2]
dll

E (2152 - 1) ht+k;aht+k;9ht;@ =

e ') { Bz Ea + 3 (vE|2| - 0E=" ~ yE|2l") Boa
LO+~E[2]2]]) (VE 2| — 0Ez* —yE|2]°) E
1 1
2 2
0
H\ B+ 0+

k—1
2 BB 2|+ WE<HQ

1
X {Ez?’Eht a+ = 5 (’yE |z| —0Ez* —yE |z|3) ht;ght;@:|

1 1 k—1
# (54104 17 = BBl + 0B 12D )
(BEZ* — 10 (Ez* — 1) — iy (EZ*|2| — Ez|z|)) * Ehyohia

(B
(07 ++2) (B2* — 1) — BOEZS
+87v (B 2| — E|2°) + 140 (E2® |2| — Ez|z]) ’
XEht;aht;Ght;@

<

as

1 — 1
E (zf — 1) hisrkohte = <5 — §’yE |z|> * {Ez?’Eht;@ + 5 (ny |z| — 0FE2* — yE |z]3) ht;ght;@l
(2)
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It follows that E th:ll ;‘:;f (27 = 1) htksahisk0he is equal to
T 1
1— (8% + 307 + §72 = BE 2| + 370E (2 ]2])) 1 = (8 — 37E |2])
1
X (Ez?’E;@ + 3 (7E |z| —0Ez* —vE |z|3) * E;g;@)

T 1
21— (82 +10° + 12 — 1BE |2| + }10E (2 2]))
04 Blo|2]] (VEI2|—0Bz3—E|2*)+8E3~10( B 1)
% E;a;@

2 1-(8—17El2|)
+v (Ez3|2z| — Ezz|)

T‘_ll (0 +42) (E2* — 1) — BOES + By (E|2| — E |z|3) + 370 (EZ% 2| — Ez |2|)
1— (B2 +36° + 10 —1BE 2| + $70E (2 ]2]))

E;a;@;@
if ‘6 — %PyE\zH < 1 and ‘62 + %102 + ;1172 —vyBE |z| + %’yﬁE (z \z|)} < 1.

5.5 @*Beta-Beta
We have EY" 3" (22 — 1) 22h2 shya = B 30021 (22 — 1) h2, 1. shie where first,

s<t

g1 _ g2(k=1)
1-3

2a (0E2° +vE 2> — vE |2]) E

+ 32D + (02 +42) (B2 — 1) + 290 (E2® |2| — Bz |2|) e,

+28 (0Ez* + vE |2|” —vE <) LE@

E(Z-1)lhyeln®hy, = 2(a+7E|2)) (0E2* +vE|2> —7E|2|) Ea

as
E (2= 1) hyalnhyy = 851 (0E2° +4E |2 — vE |2|) Baa
Second, as
k-1 k—1
E (22— 1) hypghpa = (-3 OEZ* + vE |2]° — vE |z|) Eh{3)
(t ) t+k; 810t (6_%7E|Z|)_/6 ( ) l(
Elz| — 0Ez3 — ~E |z 1 ol
LIENA . B2 (5_ 57E|z|) Ehyghya,
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we get that F (27 — 1) hyyk.pheo In hyyy equals

(8= LyE|2)) " % gh2 - gh2

(a+7E|2]) (0E2* +7E |2 —vE 2| Ea
( A R IR
1 1, 1, 5 5
—2(a(p - §’yE lz| | — 37— 59 + ByE |z| —v0Ez|z| (HEz +7E |z]” —yE |z|)
(B=37Bl))" e8I (B=4yBla)" " (B—dyBlal)" g2
B-1 ,Bfé'yE\zFl
X E.@
VE 2] ’
k—1 _
» ((B—=3vE12]) xB)" — p*kb 2a (0E2° +vE |2|)* — vE |z]) >
VE|z] F (07 +72) (B2t = 1) + 200 (BE23 2| — Bz |z]) |
((8=3~B1=1))" =gkt ((B=37El2l)58)" =2
B—ivE|z|-1 +2 vE|z| 3 3
+2 (a +vE |2]) s - (0EZ° + vE |2|" —vE|z|) Ea

1 1 1 1
+§ (VE|z| — 6EZ® — vE |z|3) {a <ﬁ - §7E |z]> — =2 - 592 + BYE |z| — v0Ez |z|]

2
(B—E2)" 28 = (8= vE )"
F-1 Eiga

1 LT e (7E |z| —0F2® —~FE |z|3) + BOEZ — 1 (Qz + 72) Ez*
— —~F 2 2 E.a.
+ ((5 27 ‘Z|> B) [ 70 (Ez 2] — Ez|2)*) + 8y (B |2 — B|z]) + 142 + 167 } i@

((8 - LyE|2)) p)" — g2t
VE |2|

—B(0Ez* +~E 2] —vE 12]) LE @

1 k—1
+(0EZ +~E 2> — vE |2) ((5 — 5715 |z|) * 5) <LE;@ — g < LEgg;@>
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It follows that £, ' 711 (22 — 1) h? ' rphia equals
T 1 1+ (8- 57E )
1- 21— (B2 + 16+ 172 —1BE |2| + 140E (2 |2])) 1 = (B8 — 2vE|2]) B
x (2a x (0EZ* +~vE |z)> —~E 12]) + (07 ++2) (BE2* — 1) + 290 (EZ* 2| — Ez|2])) B

N 2T 0Ez% + yE |2° — vE || 1
1= 81— (824302 + 172 —1BE 2| + 3790E (z]2))) 1 — (B — 37E|2]) 5
_1
) (a+ 7B ) #25 .
2 1yE|z| ;@
+(a(B—=37E2l) = 377 = 562 + ByE 2| = 10Ez |2|) 152150 Bj ~Eia
2T 0FE23 +~vE |z|° — vE |2] 26 — 37E|2|
Pl (P11 12— 4E Ly 1—(B—vE LEs
B 1—(8°+ 30"+ 12 —1BE 2| + 390E (z]2])) 1 — (B — 37E |2]) 8
N 2T 8 —37E 2|
1— (824310 + 172 —1BE |2| + 3790E (z]2])) 1 — (B — 37E |2]) B
2 E|z|—0Ez3—~vE|z|>
s (a(B—357E]z2]) — 572 — 307+ BVE 2| —10Ez|z]) 2 i(ﬁﬁ,y;‘z')
X +2 (VE|2| —0Ez* —E |z|3) + BOEZ — L (6 —|— 72) Ezt Epa
+40 (B2 |2| — Bz |2)*) + 8y (B |2]> — E|z]) + 142 + 167
T Elz| — 0E23 —~vE |z
VE |z| 2 —yE|z| LE. s

_l’_
1= (84 10° + 172 = BE 2| + 70E (z]2])) 1— (8- 37E12]) B
L0 +92) (B2 — 1) — BOES + By (E|2| — E |z|3) + 370 (EZ%|2| — Ez |z|)
1— (B2 +10° + 7% —1BE |2| + $70E (2 |z]))

if‘ﬁ— 7E|z|}<1and‘6 +192 2—vﬁE||+278E( ||)}<1

+T

E(;B)Q;@ +0 (1)

5.6 @*Beta-Gamma
Wehave Y > (22 — 1) thtwht;ﬁh&@ =L ZtT;ll Z;f (27— 1) ity Pt ishee where

s<t

first, employing equation (3)) we get that £ (27 — 1) hijpy In (hiyk) Mo equals
k-1
— (B-51E %))
1= (8- El)
1

1, 1 :
(5= 3080} - 32— 30+ 8vE ol — 08 L: ll] (8- o1

E |z |ﬁk i1 (9Ez3+7E|z|3—7E|z|)E

-2 1 — /Bk_l
s S
X { (E |2® — |2]) Ehye + <% (VE |2| — 0E2* —vE |z|3)) Ehtwht;@]
k1 3 3
1 [ (E|2|" = E|z|) + 0 (Ez |2]" — Ez|z]) + v (E2* — 1)] B
(o)) 45 (B|2f ~ Blel) LEq

§ (YE|2| —0B=" —yE|2) + 052" — 5 (6 +77) E2* ]
v;Q

k—1 2
6(6——7E|Z|)) {we(Ezw Bz =) + By (B |2 — E|o]) + 142 + 167
16 (2 (1E |2] = 0F2% ~ 4B |#[*)) Ehys In () by

+
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as

- (41 (B2’ = |2]) B
E (3 1)ht+kwht;@—<5 ﬂE'Z') +((3 (VE |2l = 0E2* = yE|2["))) Erysa

T-1

Hence, it follows that E (27 — 1), ; Z;lt hitin btk phe.o equals

T 0FE23 +~vE |z|° — vE |2|
1—B1— (82416 + 192 —yBE|z| + 1140E (2 |2]))
E 2| BE|z| - 30E [z]2]] — 37
1-3(8—37E|z2]) 1— B+ 37E ||
o (B 12> — F 2]) + 0 (E= 1z)° — Ez |2]) + v (Ez* - 1)
1 _1.2 1p2 _
_i_a(,B—QWEIz)lQ(’YijEJ'rZB)WEZl V0Ez|z| (E ‘2]3 _ ‘Z‘)
1— (8% +10° + 17 —1BE |2| + $70E (2 |z]))
W P=El N
L=B(8=3vEll)
PR (4 (B 2| = 085 — B |<f")
+B (B —El2|) — L0 (B2 |2)* — Ez|2|) — 3y (E|2' = 1)
1— (B2 +10° + 17® —1BE |2 + $70E (2 |z]))
N T B—37E 7]
L= (8% + 30° + 37 = BB 2| + 570E (2]2))) 1 = B (8 — 37E |2])

a(ﬁ—l'yE\zD—172—192+5’7E|Z|_’YQEZ|Z| 1 3
() (3 (VE |2l = 0EZ —yE|2["))

Ee

+T

+T

E;B;@

% +B0E2% — % (92 _1_72) FEA By
+70 (Ez|z| — Ez |Z|3) + 087 (E 2I° — E |]) +37% + 30
T E|z-E
. I : 2| 1\2! LEe
1—(B°+10°+ 172 —1BE|z| + 3790E (z|2])) 1 - 8 (8- 3$7E|2])
+T 1 3 (VE |2| = 0EZ° —1E |2[) o
L= (B + 407 + 17 BBzl + 210E (2 [2)  1-B8 (8- 7B =)

—i—T‘_ll (0° +42) (BE2* — 1) — BOES + By (E|2| — E |Z|3) + 3570 (B2% 2| — E2 |Z|)E5 0+ 0(1)

P55

L— (8% + 36° + 172 = 1BE |2 + 370E (2 |2]))

if |8 — 1yE|z]| <1 and |8% + 167 + 192 — 9BE |2 + 190E (2 |2])| < 1.
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5.7 @*Beta-Theta

We have ES. S (22 — 1) 22hyghuohea = EY 1 Sor_t (22 — 1) hyyisghi s rsphia Where

s<t

employing equation we get that F (22 — 1) In (hyir) hiskohea equals

2 2
[ (8= 0B |a)" 555 (B2 Bhuo + § (1512l = 0B= = |2I") Eu)
+(B(B—51E )" Ege

(s(s- 1 Ell i [@E22 + 0E2* + v (E2% 2] — Ez|2])] Ea
27 +B% (’YE 2| = 0E2* —~E |Z|3) LEpa + BEZSLE;@

1 1, 1
{a (ﬁ —50E \zl) — 7 = S0+ BVE 2| = 10Ez ||

X

Employing equation (3) we get that £ Z:{:—ll f;f (27 = 1) hytkphis k0P equals

a(ﬁ—%'yE\zD—%72—%92+5’7E|Z|_79EZ|Z|E 3
n z
1—(5—§7E‘Z|)

+al2 + 0Bz + v (E2° |2] — Ez|2])
1 04+vE[z|z]] 0Ez34~4E|z]>—~E|z]

T 216117817 -5
1— (ﬁQ + 4—1192 + 192 —yBE |z + 240E (2 |2]))
0B 37E2]) =37 = 30 + ByE 2| —10Ez|2| 8- 3vE |
1— (8% + 30° + 172 = BE 2| + 570E (z]2])) 1-5(8—37E|2])

1vE 2| — 0E23 — ~E |2
. [ 1El7] 17\\“%@
2 1 - B+ 57E 7|

B—17E|z|
1-B(B8—37El2)

E.aq

2|z 2|—0Ez3—~E|z|?
6EZ3— %H(EZA— 1) _ %’V(EZ3|Z| —EZ|Z|) 1 (0B H)(’YE| |-0Ez°—vE|z| )

o7 4 1-(p—37El=) B
i8;Q
1— (8% + 10" + 172 —1BE |2 + 570F (2 |2]))
N T EX % LEa+ 1 (YE|2| — 0E2* —vE|2*) * LEge

L=B(B-$7Ezl) 1— (82430 + 72 —BE 2| + $70E (2 ]2]))
1 (92 + 72) (Ez* —1) — BOEZ3 + By (E |z2| — F |Z|3) + %7@ (E23 |z| — Ez|z|)
1= (57 + 207+ 17— 2B 2] + 120E (2 2D)

Ego + O (1)

if |67 + 367 + 17° — vBE 2| + 370 (2 |2])] < 1 and |8 — 7E|2]| < 1.
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5.8 @*Gamma-Gamma
We have EY" 3" (22 — 1) 22h2 hga = B S0 1 (22 — 1) h?\ i his@, which is equal,

s<t
employing equation ,
(BE|2|-10E[2|2)]-37) (El2I*—|2]) 4
T 1—(ﬁ—%'yE|z|) + Ez 1
1— (B + 307 + 192 —yBE 2| + 290E (2 ]2]))
E|z|—-10E[z|z|]-1
P ST (1B 2| = 0B B |:f’) + 28 (B2l — B[]
—0 (E= |z|° — Ez 2]) =y (E 2|t — 1)
1— (B + 307 + 192 —yBE 2| + 290E (2 ]2]))
(0% +42) (B2* — 1) — BOEZ> + By (E|2| — E|2|*)
+370 (EZ%|z| — Ez |2|)
1— (B°4160° + 12 — yBE |2| + 310E (2 |2]))

2
E.q

Ea

+T

Egypa +O(1)

+T
if ’BQ—k }192 + ;1172 —yBE |z| + %76E(z|z|)} <1 and ‘ﬁ— %7E|z|} < 1.

5.9 @*Gamma-Theta

We have B Y (22 — 1) 22hiy highse = EY 1 Sop—1 (22 — 1) hyy ke ko hia, which
s<t

is equal, employing equations and ,

—19E[z|2]-L z|°—E|z

T 1—(B—37Elz2]) 1-(B—37El2]) .
HE
L= (57 + 30+ 122 = 0Bl + 110F (12))
BBl — Blef) - 360 (B2 s = B2 |2]) — §o (B ' - 1)
BE|z|—50FE[z|z||—5
s 11(575[755\)” (VE 2| = 0B2* — 7B |2]*)
+T B
L— (82 + 30"+ 172 —1BE 2| + 370E (2 |2))
5EZ3 — %9 (EZ4 _ 1) _ %,}/ (EZ3 ’Z‘ _ EZ ‘Z|)
_1 YV E|2|—0Ez3—yE|2?
o7 4 (0+7EZ|Z|) 1_(5—%7E|z|>
7@
1= (B4 165 + 12 —4BE|z| + }0E (2 [2])) "
§ (40 (B2 - 1) = BOES 4 By (Blel = BIET)
+=~0 (Ez° |z| — Bz |z
+T 27 ( 2| |2]) B Lo

1— (B°4160° + 172 — yBE |2 + 310E (2 |2]))

if ‘ﬂQ—i— }192 + ;1172 —vyBE |z| + %76E(z|z|)} <1 and ‘6— %7E|z|} < 1.
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5.10 @*Theta-Theta
We have EY. " (22 — 1) 22h2phga = E Y ' STt (22 — 1) h2, 4 phusa, due to equa-

s<t

tion , equals

4 6+yE[z]2]] 3
Ez 17(67%7E|Z‘)Ez 1

T
1= (B4 16° + 372 — vBE 2| + 310 (z]2]))
28E 3 4 i 3 . 1 'yE|z\—¢9E23—'yE\z|3
BB — (Bt — 1)~y (B2 |o| - Balel) = § (6-+ 7B [z l)) 22082

Ea

+T
L— (5 + 10° + 172 — 1BE |2 + 370E (2 ]2])
(0% +47) (B2* — 1) = BOE* + By (E |2 — E|-[*)
+370 (B2 |2| — Ez|2])
2 Egopahe + 0 (1)

4T
1— (8% 4 10" + 192 —yBE 2| 4+ 310E (2 |2]))

if |87 + 30 + 17° — VBE |2l + 390E (2 2])| <1 and |8 — 3B |2|| < 1.
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