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1 The Model

Y = M+ Zt\/h_t, t=1,..T, where

Zt 1dD (0, 1) R In (ht) =a+ ta,l + Y |Zt,1| + ﬁll’l (ht,1> .
with
a+vE |z

=5 = L.

Eln(hy) =

2 First Order Likelihood Derivatives:

Following, henceforth, the notation employed in Linton (1997), i.e. hy, = alg(oht) and

so on, the 1! derivatives of the log-likelihood function with respect to p is:

B T RIS
t=1 t;u t:l\/h_t’

as

0z 1 1
a—u = —ﬁ — §ztht;u.
Now
ey = algiht) ==+ (221 >0) —I(2-1<0)]) htl—i—(ﬁ - %Hzt_l — %7 |zt_1|> hi—1.p,
as
E[I(z>0)-1(2<0)]z=FE|7|,
and

Eqexp(Inh;) = exp(qa*) Eexp

Z eﬁizt—l—i +98° ’Zt—l—i|)]

=0

= exp(qa”) H Eexp [¢8" (0ze-1-i + 7| 2-1-i])]
=0

= exp (qa*) H Eexp [q8' (0z + v |2])]

Q [e¢]
= exp <QQ) HAqﬁn
=0

where A g = Eexp [4B" (02 +~|z|)] and it can be evaluated as in the Appendix
below, it follows that

E(hy) = —(0+~E)E ( >+[ % !zl)} (Ri-1)
0B
1— (B—1yE|2|) 2
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if |8 — 1yE|z|| <1, and as

E[I(zzO)—[(z<O)]—/Ooof(z)dz—/_ f(z)dz = E

not necessarily equal to 0, unless z has a symmetric distribution.

3 Second Order Likelihood Derivatives:

In this section we present the second order derivatives, involving i, and their expec-
tation. Notice that, for o € {«, 0,7, 3} we have that

1 < 1 < RS
:—E —1h ——E z2h.h.—2 zi——="h
MO t;p,0 t 1otultio t— =1

2t:1 2t:1 t=1 hy

and it follows that

—_

T
= —Z (hephiso) -

However, the second derivative of the Likelihood function with respect to u is given
in the following subsection.

l\D

3.1 Miu-Miu

T

li 2-1)h Z(iwizh + zh2>
pa (I hy \/h—tttu t )

t=1

[\]

where
1
P = {0+ 71 (211 2 0) — I (%1 < 0)]} Tht—l;u

t—1

1 1 1
+7 O+ (21 2 0) = I (21 < 0)]) Zahi_y, + (5 — 157 \Zt—ﬂ) Pty

with )
(0 +~E) E_1Ey+ 7E |2] B2

1— (8- 37E|2|) - P

Eht;u,u =



if ‘5 —37E \zH < 1 and where Ef%Ew =F (\/h;t—lhtl;u) is given by

E(eththt;u) = _BqE(qﬁ—%)

1 1 1
+E |:eq(a+92tl+'72tl|) <ﬁ — EQZt_l — é’y |Zt_1‘) E [QQBln(htA)ht_lm}
= _BqE(qﬁil) — CqugE(

3 96*~3
1
2

) — Cqu,BBqBZE(qB?’fé)

1 -
+CquﬁCqB2E |:<5 — HZt_g — 5'}/ |Zt_3|) ht—3;u

(2

S SNV | (RN
i=0 Jj=0
It follows that
T 9 2
E(l)=-TE|— |- §E (ht;u) =-TE.,—-FE (htw) ‘

Now

1
b

1 1 2
B = O3 G 20) = 1 <O o+ (8 55— g7l ) s,

20+ Y[ (21 2 0) — I (21 < O))) —

1 1
(5 - 59275—1 - 357 |Zt—1|) h-1iu:

i—1
and it follows that

(62 + 7 + 290Er) B¢l —2(80 + ByE; —WE |2) E_y By, .
1— (8% 4 30° + 172 — ByE |2 + §07Ez |2|) G

Ehy, =
if [5% + 30° + 172 = ByE |2 + 307Ez |2]| < 1 and as

Bl0+v1e2 0~ 16 <0) (5-30: - 1 12) | = 80+ B = 0Bkl ()

due to

0

E[[(zz())—](z<0)]\z]:/Oozf(z)dz—{—/ 2f(2)dz = Ez=0.

0 —00

3.2 Miu-Alpha

Now

1 <& 1 1
o = 2 Z (2 = 1) bty — ) Z 2 sl — Z Ztﬁhm’

t=1 t=1 t=1



where

1 1
Piypa = 3 O+~ (2-1 > 0) = I (z-1 <0)]) hi—1,0 + 1 (Oze—1 + 7 |20-1]) Pe—r:aPi—1;0

t—1
1 1
+ <5 - 592’75—1 - 57 ’Ztl‘) htfl;uvow
with

1 1 1
b = 3 0+1E) By B+ 11 12| B+ (5= 37512 ) e

where E_%E;a =F (\/;_ht_l;a) is given by

E(e™"hya) = Eg+CyB (M0 n,_ )
= E,+CiEp+ CCpE (eqﬂz ln(htil)htdga)

fe'e) i—1
_ Z (Eqﬁi H(JW) — E,FE.,
i=0 §=0

1
with the convention that H Cqﬁj =1.

=0
It follows that

E(l,) = —%E (hephia)
Notice that
Ehyyhie = Ey— (80 + BvEr —10E|2|) E_1Eq
+ (62 + }102 + 272 — BYE 2| + %QWEZ |Z|> Ehi-vialu—1s
= By,

if ‘52 + %192 + ;1172 — ByE |z| + %HVEZ \zH < 1.
3.3 Miu-Beta

Now

Euﬂ =

T 1 T T 1
; (Zt2 - 1) ht;ﬁ,u - 5 tZ=1: tht;ﬁht;u - tzz; Ztﬁht;ﬁ

N |

where

1 1
heg = 5 O+ (221 >0) = I (21 <0)]) 1,8 + g1y + 1 (0 +7) 27 1 h—1,5hu—15
(= 20s = Xym)n
5 Zi—1 2’7 Zt—1 t—1;8,u
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It follows that T
E (EW) = _§E (ht;ﬁht;u) .

Now, due to equation and as
E[e™ (k)] = B (etfetfemtlaltinteol o 4 0z 4y 2] + B (h-)))
= DyEus+ Be® A E (e¥™ =) 1n (hy_y))
= DyEs+ Be* A DysE g2 + 82" A e’ A E (GQBZ In(he—2) 1y (ht_2)>
= DyEus+ BDysE, g2 Ay + 2D o E g A Ay
B A Ay A o B (070 In (hy )

i—1

= Y D By [[ A Eia) = B, L,
i=0 =0

with the convention that Hj_:lo Api e1(Tizo8") — 1, and as

E (eqln htht;ﬁ) — equqEqﬁ + CqE (eqﬁln(htfl)htil;ﬁ)
e A LE 5 + CyE (eP™M=1p, ) 5)
= A LEg + quqﬁaA45LEq62 + CoCysE (eq52 1n(ht_2)ht21;/3)

00 i—1
= Z <eqar3iLEq5i+1 HCqﬁj> = EqE;ﬁ

i=0 =0
-1
with the convention that H Cupi =1, we get
j=0
1
Eht;#ht;ﬁ = — (9 + /}/E[> E_%L + <6 - §E’Y |Z|> LE%/J
(—B6 + BYE; — 9B |2]) E_, E,s

1 1
b (54304 07 = WBELeL + 20E G 12D ) Bhusahis,

where

LB, = EW(h)hey = —(a(0+ En)+ 200E ) E_y — 60+ 1Er) E_y L
1 1 1 1
+ {oz <ﬁ — §7E |z|) - 59 (0 +~vEz|z]) +~ (BE |z| — §9Ez |2| — 57)] E.,
1
+5 (/6 - §’YE |Z|) Eht—l;u In (h’t—l)

if |8(8—37E]z2])| <1, and as
E@+~vI(z1>0)—I(z1<0))][a+0z1+7|z 1| =a (0 + E;) +270F ||
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and
1 1 1 1
E [(ﬁ — §9zt_1 — 57 |zt_1|) (a+60z_ 1+~ |zt_1|)} = « <ﬂ — ény |z|> — 56’ (0+~Ez|z|)

1 1
+y (BE |z| — §¢9Ez 2| — 57) :

3.4 Miu-Gamma

Now
1 i i i /_1
=— — 1 h 22hy.gh. — z h
H’Y Ly, t 1ot Bl oty t L5y
2 t=1 t=1 t=1 h

where

1 1 1
My = 3 0+ (201> 0) = I (21 <0)]) Tht—l;v 3 |ze-1] Prt—1,

t—1
1 , 1 1
+Z (9 + 7) Zt—lht—l;’yh/t—l;u + 6 - §9zt—l - 57 ’Zt—l| ht—l;u,'y;
with

1

Vi1

1
Eht;u,’y = 5 ((9 + ’}/E[> E (

= F.

7/‘1’77.

1
Py ) SE|z| By + (9 + ) By + <5 - §”YE ‘Z’> Ehy 1

It follows that T
E(lyy) = —§E (g hisy) -
Now, due to equation and as
E (e"™Mhy) = G By + CyE (e¥™M=p, )
— Gy + PC Gy By + CiCyl (77, o )

[e'S) i—1
_ ap’ . . I
— Z (eq GqB’LEqBH*l H Cqﬁj> — EqE;'y

i=0 §=0
-1

with the convention that H .5 = 1, again, we get
7=0

B (hishey) = ~0F|2| B s + (BE 12| — %QEz 12| — %7) E,
(88 + fyE; —A0E|2|) E_+ E
+ (52 + }192 + 2’72 —YBE |z| + %’YHE (2 M)) Ehy 1y hi—1;
= B

T ‘ﬂQ + 41102 + ;1172 —BE |z + %VQE (Z|Z|)} <L
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3.5 Miu-Theta

Now .
foo =237 (22— 1) hugyu — Zzthwhm Zzt
23
where
1 1
ht;uﬂ - (9 + Y [] (Zt—l Z 0) -1 (Zt—l < 0)]) ht—1;9 - izt—lht—l;u
t—1
1 1 1
+é_l (Oz—1 + v |ze-1]) Pe—1:0he—150 + <5 - 59%—1 37 |Zt—1|) P10,

with
1 1
Eht;u,& = (9 + 'YEI) E—%E;G + Z'YE |Z| Epu + (5 - §7E ‘Z|) Eht—l;uﬁ =E,0,

It follows that T
E (@»9) = _EE (ht;é’ht;u) .

Now, due to equation and as

E (eqln hy ht;&) - R (eq[a+9zt71+7|2t71\+5 ln(htq)}zt_l)

1 1
+E (eq[a+9zt_1+’y|zz_1+Bln(ht—1)} |:Zt—1 + (5 — §9zt_1 - 5’)/ |Zt_1|) ht_1;0:|>

+e1FyEys + CuB (e¥™M=1)p, )

= eF,Eup+ quanFqﬁEq52 +C,CsE (eq,6’2 ln(ht72)ht_2;9)
(o'} i—1

= Z (6qa51FqﬂiEqBi+1 HCq,@j) = EqE;g
i=0 =0

-1
with the convention that H C,si = 1, again, we get
j=0

E(hghiy) = —VE|2|E_s — (80 + BvE, —A0E|2|) E_y Ey

1 1
~5 (0 +~Ez|2|) E, + (52 + 192 + 1

= By,

1 1
~v* —BE |z| + 579E (z |Z|)> Ehy_1.0hi—1,u

if |82+ 10% + 172 — 1BE |2 + $79E (2 |2])| < 1.



4 Third Order Likelihood Derivatives

In this section we present the third order derivatives, involving j, and their expec-
tation. For o € {«, ,~, 5} we have that

T
1
guuo = 52(23 ht,u,uo_ Zztzhtohtﬂﬂ—{_Z(h hto \/—Zthtohtu>
t=1 t
—XT:(QL(M S )—lz2h hy., + 2t huuh )
o \/h_t t1t;u,0 9 thit;ollt 9 t 'Ut;o t'p o )

and it follows

T T
Bl = _EEht;oht;u,u D) (2E (ht;uht;u,O) — 2K (ht htO) - L (ht;oh?;u)>
T T

= _EEht;oht;u,u - 5 (2E (ht;uht;MO) - 2E—1E;O - L (ht;ohiu)) :
for p the derivative is given is the following subsection.

41 Miu-Miu-Miu

T T

T
1 1
14 = — ——hppy — = heh —1 h h
o Zzt\/ﬁt (T 2zzt il T 5 ; tuuu"‘zh tip

t=1

+Zzt ht# +2thhw+Zzt =gl = 2Zzt 1 5htu
+Zzt Z Zzthwhtw,
t=1

3T 1 T
E(ly) = _7E (hyuhiy) +3TE (h htu) + EEh?;u
t
3T T
— —7E (htﬂhtﬂﬂ) +3TE 1E + Eh
Now as
E (elJlnhthiM) = (92 + '}/2) Aqeanqﬂ—l + Q’VHSqEqﬁ_l — ZQqEq,B—%EW

+R,E (645 1n(ht71)h§71;#)
= (0 +7%) A" Eyp_1 + 2705, Eqp_1 — 2Q¢Ep_1 By,

+ (07 +9°) RyAgse™ By 1 + 200R,SqsEyge 1 — 2Ry QupBype_1 By

TR R E <€qg2 ln(ht_z)hg—zu)

o0

2 2 aB?
— Z [(9 +y )Aqﬁieq B EqﬁH»l_l + QVHSqﬁiEqBHl_l — 2Qq6iEq/8i+17%E;u:| HRqﬂj

1=0

- E‘JE(;M)2

i—1

J=0



we get

1
Blity = 3{(92#) <5—§7E|Z|>+2579E1—702E|z|} EE
— {0+ [(36* ++°) Er +307] } E_
o[ BOB-ELD+50OEGID+5) g g
+1(6° +92) (0 + 7 Ep2) + By (Ep — 6E|2]) | 73"

n ( B3+ %592 + %572 — %9 (92 + 372) E(23) — %?)ﬁ’nyE 2] ) B3
F3B90F (= |2) — by (47 + 360%) B2 =
= B

‘ B2+ 380° + 367 — 30 (6% +392) E (%) — %35275 El
+3B0E (z|2]) — v (v* + 36%) E ||

<1, as

Flo+rllz20 - 1<) (5_%92_%”4)] = 59(5_7E’ZD+%79(9E(z\z|)+%’y)
+}1 (0° +7°) (0 + vE.2)
+67 (Er — 0F |2|)

E 0+ (51 2 0) = 1 (221 < O)))* = 6% + 290E; + 7

E[l(z>0)—1(z<0)] / f(z dz+/ F(z

E@+~[I(z>0)—1I(z<0)])z=20vE |z

B|0+41G20 16 <0) (8- 305 - 1114l)| = @ +2) (8- o812
+2B70E; — v0°E |2
E@+~[I (21> 0) = I (2.1 <0)])’ =0 +~[(30* ++7) E; + 307]

where

E[[(z20)—](2<0)]22:/000z2f(z)dz—/_ 22f(2)dz = Ep,e

(e o]

and

E[I(zzo)—[(z<0)]z|2\:/Oooz2f(z)dz+/_ 2f(2)dz =1
E[](zt_lZO)—](zt_l<0)]2z:/ooozf(z)dz+/ 2f(2)dz =0

E[I(zz())—f(z<())]2\z|:/Ooozf(z)dz—/_ f(2)dz = B
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Further, as
nne 1
E(qu . ht;u,ﬂ) - B‘IEQB*%EW + ZUqEqﬁE(;u)z
+C,E (eQB ln(h“l)ht—l;u,u)
1
= BqEqB,%E;u + ZUqEqBE(;W
1
JquBq/BEqB?—%E;M + ZCqUquﬁﬂ E(;u)2

L C,CE (equQ ln(ht—z)h’t_z;u7u>

i—1

= 1
= Z |:BqBiEqﬁi+1% + ZUqﬁiEqBi+1E(§ﬂ)2:| H Cqﬁj
i=0 Jj=0
= Lol
we get
1
EhtWht;M,M = — (92 + 2’}/QEI —+ ,}/2) E_lEW + <ﬂ0 + B/VEZ — ’}/QE |Z| — E’YHE |Z| Zt—l) E—%E(;M)Q

1 1 1
+Z {ﬁny || — 59 (0 +~E2) — 5’7 (0Ez|z| + 7)} E(;u)3
— (B0 + ByE; —10F |2|) E—éE;u,u
1 1 1
+ (52 + 192 + 172 —yBE |z| + 579E (2 |Z|>> Ehy1yphi—1
E

S [

if |82+ 10° + 142 — yBE |2| + 370E (z]2])| < 1 and due to
1 1 1 1
E@+7[I(z20)—-1(z<0)]) (6 —50r 37 IZ\) 2= BB 2| =500 +7Er2) =57 (0E=[2] +7)

4.2 Miu-Miu-Alpha
We have that

T T 1
Eéuua = _gEht;aht;u,u - 5 <2E (ht;uht;u,a) —2F <h_tht;a> - F (ht;ah?;u))
T T 9
= _EEht;aht;mu ) (2E (ht;uht;u,a) —2E.,E,—-FE (ht;aht;u)) :
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Now

1 1 1
Ehyohi, = (0°+2y0E;++*) E_y + <62 + 182 + 172 —YBE |z| + EWE (2 |z|)) B,y
1
+ |:(6)2 _}_,}/2) (B _ E’YE |Z|) + /}/0 (QBE[ —0F |Z|):| E_lE;a
—2(B0 + pyE; —V0E |2]) E_LE,,
D [ BO (B —E|z]) + 370 (0E (z]2]) + 37) } rL.E
+1 (0 +72) (0 +vEL2) + By (B —0E|2]) | 72

" ( B+ 380% + 38% — 10 (6% + 39%) E (2*) — 38%7E |2

Ehy_yoh2
+3B0E (z]2]) — g7 (v* +36°) E Elk ) t=Lialli 15

- E;a(;u)Z’
33302 1 33,2 _ 19 (2 2 3y _ 332
if‘ﬁ +4593—i—457 88(91+372)E(2z) 2357E|z| <1
+3BV0E (2 |2]) — &7 (v* + 36%) E|2]
Further, as
E (eqlnhtht;aht;u) = _BqEqﬁf% — QqquféE;a + CQEQﬁE;H

+R,E (eqﬁ ln(ht—l)ht_l;uht_l;a)
- _BqEqB—% - QqEqﬂ—%E;a + CyEyp by,
—RquﬁEq@,% — RquBE(ﬁ?f%E;a + RQCQﬁEqB2E;#

+RQR£I,3E <€q62 1n(ht72)ht—2;uht—2;a>

00 i—1

= Z |:—Bq6iEqBH»1_% — QqBiEqﬁiJrl_%E;a —+ CqBiEqBHlEW] H Rqﬂj
i=0 =0

= EqFa

1 1
Ehyohyu, = (6 +7ED) E—%Em + ZVE || E(;M)Z + (6 - Q’VE |Z|) By
+ (80 + ByE; —10E |2]) E—%E;Oé;u

1 1 1
+1 {BVE 2] = 500 +7Er2) — 57 (0B= 2| + 7)} Eiauy?

1, 1 1
+ (ﬁ2 + 30+ 37 —1BEz| + 510E (2 \Zl)) Ehi—siaht-1iu,
= E;a;u,m

if ‘52 + }192 + ;11')/2 —vBE |z| + %'yGE (z \z|)} < 1.
Finally, as

1 1 1
Ptpa = 5 O+~ (221 >0) = I (21 <0)]) Thtfl;a + 1 (02e-1ht—150 + 7 [2-1]) he-1,0Pi-150

t—1

1 1
+ <ﬁ - 5921571 - 57 |Zt1|) htfl?ﬂva’
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we get

1
E (hiphipa) = —5 (0°+290E1 +9%) BBy — (B0 + 87E; = 10E |2]) E_1 By

— N

g (30 + 51, — 0B |2)) E_y B,
1 1 1
+Z (Ozt—1 +v|zeal) | B — 592}—1 — 37 [2e-1] | E 02

1, 1 1
- (52 +40%+ 37" = WBE 2| + 570E (2 |Z|)) Ehi1uli-1pa
- E

S, 00

E@+~[I(z20)=1(z<0)])(0z+7][z]) = 200 |2|

and if |52 + 10° + 7% — yBE 2| + 370E (2 ]2])] < 1.

4.3 Miu-Miu-Beta

Now
T T 1
ngﬁ = _EEht;Bht;u,u - 5 (2E (ht;uht;uﬂ) —2F (h_thtsﬁ> —FE (ht;ﬁh?;u))
T T 9
= _§Eht;ﬁht;u,u - 5 (2E (ht;uht;uﬂ> - 2E—1E;ﬁ —F (ht;ﬁht;u)) :

Now for the first term, notice that
E@+~[I(2>0)=1(z<0)])*(0z+7|2]) =~ (30> +°) E|z]

E@+~[I(z>0)—1(z<0)])(0z+~ |Z|)2 = (0 + vE>.2) (72 + 92)—1—279 (OEz|z| +7)

B0+ 0) =1z <0 (647 [:) (8- 302 = 32 1l) = 26105121~ 20 6B 1:l +)

1
=5 (0+9EL2) (v + 0%)
and as
B (™" In (hy) hyy) = ~WyEy 1+ PEBE, — BBE; 1 L
_BCquﬁEq,32_% + 5CqPq5Eqﬁ2E;u - ECqugEqﬁz_%L
+52CquBE <€qﬁ2 2] Iy (he—2) ht#;u)

i—1

= Zﬁl (_WqﬁiEqIBH—li% + PqﬁiEqBiJrlE;“ — BqﬁiEqﬁH—li%L) HCqﬁj
=0

=0
= EqLE;u
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it follows that

Eln hthi# = |« (92 + 290Er +9%) 4+ v (392 +7*) Elz|]] B4

_ [ 290 (2BE |z| — 0Bz |z| — ) — (0 + vEp.2) (v* + 6°) ] .
—5 M

+2a (80 + ByE; — v0E|2])
a (8% + 307 + 192 — yBE 2| + 379E (2 |2]))
+ | =B(0°+7?) +BVE 2] + 37 (30* +72) E 2]’ | B,y
+16 (6° + 3v%) E2® — 2B90E [ |2]]
+8(6° +270E; ++*) E_ L — 28 (59 +BvEi —y0E |2]) E_LLE,,
+8 (54 30+ 12 = 9BB 12|+ 130E 12D Bl () s,
- LE(u

if |6 (6 + 10° + 172 — VBE|2| + 379E (z|2]))| < L.
It follows that as

B (eqlnhtht;ﬁht;u) = _BqEq,B—%L + CqEqBLE;u — QqEq,B—%Eﬁ
—RqugEqﬁz_%L + RquﬂEq52LEW — RqugEq62_%E;5

1 1 ?
+R,E <€ql3[a+0zt2+7zt2|+ﬁln(ht2)] (5 — 592,5_2 — 57 |Zt_2|) ht_g;ght_z;“>

oo 1—1

— Z [—BqBiEqﬁi+l_%L + CqﬂiEqBi-s-lLE;u — QqBiEqBiJrl_%E;ﬁ] H qugj
i=0 j=0
= EEpy
we get that
2 2 2 o Lo 1, 1
Ehyghy, = (0°+2v0E+~°) ELL+ (8% + 19 - VBE 2] + 5’79E (z]2]) ) LE,)»
—2(80 + ByE; — v0F |2]) E—%LEW
1
- {(92 +7%) (ﬁ - ]z|) + 0 (26E; — 0E |z|)] E_ \Eg

_2[ B0 (B —~E |z]) + 370 (0F (z]2]) + 37) }E B
+3(0°+1%) (0 +vEp2) + By (Er —0E|2]) |~ 27

53+§602+%5v2—19(92+37)E(3) $8°vE |2 2
+ 3 2 Ehi_1,5hi_y,,
+3BY0E (2 |2]) — g (v* + 30 )E\ZI ’
= B2

‘ 5 400+ 30— 10 (024 397) B (%) — 45 E|e] | _

+5670F (2 ]2]) — 37 (72 +36%) E |2 '
Now for the first term, as
E@+~[I(z>0)—=1(z<0)])(0z+7]2])z2=0(0+vEz|z]) + v (02 +7)
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and

1
Ehiy,Inhy = [a(0+vEr) +290FE |2|| E 1E;M + ZﬁvE || LE e

we get that

Eht;ﬁht;u,u

if |3% + 16% +

= LE.

1
Z [0(0+~Ez|z|) +v (0B +v+aE|z|)| E
1 1
+ < (5 — —*yE \z|) + pyE |z| — 572 — 592 —vOEz |z]> E
B

1
+ ((9 + ’)/E[) E_%LE;# + ﬁ (ﬁ - Q’YE |Z|) Eht_l;ﬂ’# In ht—l

222

1 1
= (O+2E) B LE, + 7Bz LE, + (5 0k lzl> LE,,
+ (B0 + BYE; — 10 |2|) E_s E,,

2

1 1 1
+7 {ﬁVE |2| — 59 (0 +Ep2) — 37 (0Ez || +’7>} L
1
+ (62 + 162 +

- E;B;wu

1 1
172 —vBE|z| + 579]5 (2 |Z|)> Ely1700 1,10,

12— 4BE |z| + %ng(z |z|)} < 1.

Finally for the second term E (hy,,he,,5) and as

E (™" hisp )

we get

Eht;uht;ﬁvu =

1
= 2B quEﬁ‘f‘A el EqﬁE + 4<0+7)MEQ5E5M
+CqE (eqﬁln (he-1) ht*l;,&u)

q

= [1 i
= Z |:_Bq,3iEqﬁi+1 E;g + Aq/@z‘eﬁ D) ,BZHEM + - ((9 + "}/) M /BiEqﬁi+1E;ﬁ;‘u:|

‘ 2
=0
= EqE;ﬁw

1
-5 (6° +200E; +~°) E_LEs — (0 + 7vEr) E_LE,,

1
= (B0 + BvE; = 10E [2) E_1 Bp — 7 (0 +7) (0 +7Ep2) E_y By

1 1
3 80+ BB~ 20E |3l) By + (8= 37E141) By
1 1.1
+Z O+ (8- EGEZ - §7E Ed E g2 he-1he-1
2 1 2 1 2 1
(824 502+ 72 = 1B |2l + 5908 (2 |21) ) Bl v
Eyip

15



if |87 + 1607 + 392 — BE 2| + 340 (2 ]2])| < 1.

4.4 Miu-Miu-Gama
We have that

T T 1
Elyr = _EEhtwht;u,u ) <2E (htphipq) — 2E (h_thm) — L (htwhf;u))
T T 5
= _EEht;vht;mu - 5 (2E (ht;uht;u:y) - 2E71Ew - E (ht;vht;u)) :

First, for the last term we have that, as

E(0+7[I(z>0)~I(z < 0[] = (6 +7°) El].

EO+~[I(2>0)—I(z<0)) (5 _ %92 _ %7 |z\) 2| = 0 </3E 12] - %GE,Z |zy) — (9 + %E,)

E (eqlnhtht;'yht;u) = _XqEfo% + Y;]EqﬁEW — QqEqﬁf%EW
+R,E (eqb’ ln(h“l)ht—l;yht—l;u)
o) i—1
= Z [_XqﬁiEqﬁi“—% + YqﬁiEqBi“EW - QqﬁiEqﬁ”l—%E?‘Y] H Rqﬁj
i=0 Jj=0
= Equu
we get

1 1 1

L BB+ ) ERP
—0BE [z |z]] — v8 + 370E2 Gr)

- {(92 +7?) (5 — %yE \z|> +~0 (28E; — 0E M)} E_ L E,

o JO8 TP b s D
+1 (6 +92) (0 +vEr2) + By (Er — 0E|2))
3 3 ap2 3p 2 1 2 2 3
( , B+ 459 + 45'7 80 (10 +§”7 )E2Z 3 >Eht—1;’yh§—1',u
+2B7 (0E (z]2]) — BE|2]) — Ly (72 + 36%) E || |
- E;V(;u)2’
" B2+ 3B0° + 3872 — 10 (6 + 39%) E (2%) — $37E |2|
+2BVOE (z]2]) — Ly (72 + 36%) E |2’

] E—éEmu

< 1.
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For the first term

1
Ehyyhyy, = 0E|z|E_ 1By + - (HEz 2] +7) B2 + (BE || — —HEZ |z| — ) E, .
+ (B0 + ByE; — ’YQEM) By

1 1 1
+3[39B 1 = 3000+9Br) = 3 082151 +) B

+ (62 + 102 -

YV

1 1
172 —yBE |z| + 579E (2 |Z|)> Ehi—1yhi—1;up

if |82+ 10° + 142 — BE |2 + 310E (2 |2])] < 1.
Finally, for the second term E (hy,hy.,~), as

1
E (eththt;uﬁ) - EBqEqB—%EW G N ) S (0 +7) MgEqgs By
+C,F (eqﬁln(ht 1)ht—1~ )
©_ 4 i-1
— Z |:§BqﬁzE 181+1 1E — _Gqﬂleqa EquE + (9 + ’}/) quE Bi+1E§7§N:| chﬂ]'
i=0 J=0
= Eqlyu
we get
Ehgyhiy ) (‘9 +2790Er + ) E_ By — §E 2| By
1

1
3 |96+ B1B = 10E1s] = 50+ ) O+ vE12) | B,

— (B0 + ByE; —10F |2[) E_1 B,
1 1 1
—5 Bl Byt (9 +7) <5 — 0Bz — 57 |Z|3) Eouy

1 1
+ (52 + 192 + 172 —BE 2] + 579E (2 ‘ZD) Ehy vyl

= k.

Y

if ‘52 + }192 + 372 —BE |z| + I0E (2 \z|)} < 1.

4.5 Miu-Miu-Theta

Now
T T 1
E«%uo = _§Eht;9ht;uyu - E (2E (ht;uht;uﬂ) —2E (h_thtﬂ) —F (ht;9hf;u))
T T 9
= _§Eht;0ht;u,u - 5 (2E (ht;uht;uﬁ) —2E,Ep—E (ht;(?ht;u)) :
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For the last term we have that, as

B (et il

Eht;ghiu -

if ’ B+ 380% + $167* —

1
20vE 2| E | —
VBRI E (7

i

—2

!

Eﬂ(

1)?

I

—UqEqﬁ—% + ZqEq/gE;u — QqEqB—%E;G
+R,E (eqﬁ ln(ht*)htq;ehtfl;u)

0.9}

D

1=0
EyEpp,

4

q

ﬁiE(],Bi+1 E;N -
—QqﬁiEqﬁ”lf%E%H

U,

q

ﬁiEqﬁi-!—l_

1
2

1 1
) —2 [ﬁny |z| — 59 (0 + vE.2) — 37 (OEz |z| + fy)} E_LEy

L(0° ++*) EZ®

—08 — yBE [ |2|] + 310 |2

) E

+ |:(92 —+ ,}/2) (5 — %’yE |Z|) + ’}/Q (26E1 —0F |Z|):| E_lE;g

{ B80(8 —~E|2]) + 170 (0E (2 ]2]) + 1)
+1(62 +92) (0 + vE12) + By (Br — 0 |2))

+3Bv0E (2 |2]) — v (v* + 30°) E El

+3B90E (2 |2]) — tv (4% + 36%) E |2/’
For the second term, as

E (eq In hy ht;u,@)

then

E ht;uht;uﬁ

1 1
ByEys- 1 Ep — §quanq6E;u + D

+CqE (eqﬁ ln(ht_l)ht—l;y,e)

%9 (92 + 372) E(23) — %52719 ||

4

< 1.

qEqBE;H;u

} E—%E;f);#

B 3907+ 307 — 10 (02 + 39%) B (%) — 5 |

> 1 ) 1
ol qaB .

> {Bqﬁ’Eq,Bz“éE?@ — o™ Eggn Byt 4

=0

EqE;uﬁ

1
— (0* + 290E; + %) E.1Eg + §E 2| E_L Ey

Dqﬁi EqﬂiJrl E;g;“:|

1
= (B0 + ByE: = A0E|2)) E_y Eyp + 4 (0 + vE22]) B2

3
+ (59 + B’YEZ — 5’}/9E |Z|) E_%E;g;#

+

+
E

4

1 1
(62 +50°+ 7

354,05

L (M 2] -

4

1
2

4

57

18

1
2 — 592 —0Ez |Z|) he—1yphu—1s0he-15

1
= 98B 2|+ 208 (14D ) Bhe-sybe o
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if |87 + 1607 + 392 — BE 2| + 340 (2 ]2])| < 1.
Finally, the first term

Ehiohipy = vE|2| E_1 By + 5 (9 +9Er2) B2 — 5 (9 +~Ez|z|) E
+ (80 + ByE; —20F |z[) E_1 By + i [0(0 +vE2|z2]) + 7 (0E12 +7)] Eg, 2
+ (62 + }102 +
= Eopuu
if |82+ 10% + 142 — vBE |2 + 319E (2 |2])| < 1.

1 1
1" = WOELE] + 3208 G1aD) ) Bhsahicsi

4.6 Miu-Alpha-Alpha

For o € {«,0,~, 3} we have;
T

1
uao = __szhtohtua+2z _1 htuao+ Zzt htuhtahto_htuhtao htozh’tp,o)

T
1 1
hihiso — e — ——=hiahi ) |
I D DT (7 A

t=1

with
T T T T 1
Eguao = _Eht;,u,aEht;o+§Eht;uht;aht;o_E (Eht;,uht;oz,o + Eht;aht;u,o)+§E (\/_h—tht;aht;o) .
Hence, as

E(e"™Mh},) = E,;+2C,EpE,
+RE (e?Pte)p2 )

00 i—1

= D [Bp + 205 By Bo] [ Ry
i=0 Jj=0
= EqE(;a)Z

T T T
Elya = —TEhiohepo + EEhtmhf;a = 3 Bhiphiaa + S E By

For the second term we have
Eht;uhf;a = —(0+~E)) E—% —2(60 + pyE; —v0E |z|) E
[ BOB BN+ 30 (E(z12D+37) | g
+1 (0° +1°) (0 +7EL2) +67( 1= 0B |z]) | TG

1 1
+(5——7E|z|) Bt 2 (84 307+ 107 BBl + 0BG o) ) B
B4 150° + 36y — 10 (92+3v VE() ~389E 1] [\ gy o
—i—%ﬁ’y@E(zM)—%7(72+392)E\zl3 =LinTt-La

Il
=+

inGa)®
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if | B0+ 289" + 467" — 50 (6" +37%) E (%) — 35%E |<]
—l—%ﬁv@E (z|z|) — %7 (72 + 36 ) E |z
For the third term, as

1
E (eqlnhtht;a’a) _ 1 (D, — ae®®A,) EqﬁE(;a)Q +C,E (eqﬁln(htfl)htil;o“a)

00 i—1
1 i
_ § . B'a , , .
e Z <Dq[31 - Oéeq Aqﬁl> Eq61+1 E(;a)2 H CqB]
i=0 Jj=0
= Byl

we get

1
Ehyphoa = _570E 2] E—%E(;a)2 = (B0 + By Ei =20 |z)) E—%E?""a

1 1 1
+1 {BWE |z| — 572 - 502 —0Ez |z|] E (o)

1 1 1
+ (32 + 192 + 172 —YBE 2| + 510E (2 |Z|)) Ehi1:uli-10.0

E;u;a,aa

if |87 + 1607 + 392 — BE 2| + 390 (2 ]2])| < 1.
Finally, for the first term

1 1
Ehyolipa (0 +~Er) E—%E;a + ZVE 2] Eiagu + (/6 - §7E |z|) Eijia

DN | —

1
+3 (B0 + pyE; —20F |z|) E_1 B

1 1, 1
"1 <67E 2l =0t = 5 -tk ’Z|) Ear?

1, 1 1
+ (62 + 30"+ 37 —1BE 2| + 510E (2 |Z|)> Ehi-valt-15.a

- E;a;u,aa

if |82+ 10° + 142 — vBE 2| + 310E (2 |2])] < 1.

4.7 Miu-Alpha-Beta
As

E (€q1n e hiahig) = Age™EpL + CuELE . + CoEysEg
+RqE (GQEln(ht_l)ht—l;ﬁht—l;oz)

0o i—1

— Z [Aqﬁieqaﬁ EqBiJrlL + Cq/BiEqBiJrlLE;a + CqBiEqBH»IE;ﬁ] H Rqﬁj
i=0 Jj=0
= Eqliap

20



T T T T
Eéuaﬂ - _ght;u,aEht;ﬁ + EEht;uht;aht;B - 5 (Eht;uht;aﬁ + Eht;aht;ﬁvu) + EE—éE;a;B'

For the second term, as
E (eqlnht In (f) ht;a) = DyE4s + Pe?AgEL + PiEpE,
+BC,E (€™M0 1n (hy_1) hy—1.0)
= DyEu+ BCyDysE 2 + BAEysL + 2 CuApe" P E L
+PEpE. o + BCPpE s E.,
+3°C,CpsE (quQ =2 1n (hy—y) ht72;a>

0o i—1

_ i _ A i+1 qapt A i _ _ _
fry Z (5 Dqﬁquﬁz+1 + 5 Aqﬁzeq Eqﬁz+1L + /8 PqﬁquﬁH»lE;a) H Cq/@]

i=0 =0
= E,LE,,
we have that
a E + BvE
Elnhtht;aht;y — _[QVGE’Z" +a(9+7E1)] E*% + ( Eﬁ 7 9|Z’) 79§Z|Z|’Z’ ) e

{ (04 19— B |+ 20E Ly
—3 [(9 +~E;.2) (’}/2 - 92) + 270 (0Ez |z| + 7)] —a
Q (52 + i92 + 172 —VBE 2| + 1A0E (2 ]z|))
+1 -8 (‘92+72) ‘*’BZ'YEM‘*'%V (392+72)E’Z|3 Eop— B0 +~Er) E_ 1L
+16 (6% + 372) E2® — 2B0E [z 2]

1
+5 (6 ~ 5k \z|) LE, — B(B0+ ByE; —10E |2|) E_, LE,

1
+6 (ﬂ + 92 7 - 75E ‘Z‘ + VQE( ’Z’)> Eln (htfl) htfl;ahtfl;,u
= LE.

YOG

and it follows that
Ehyyhialys = — (0 +7Er) EflL — (B0 + ByE; —0E|z|) [E;B + E—%LE;a]

BO (B —~E|z2]) + 370 (0F (z]2]) + 37)
<+ (6" +~?) eﬂfffzz)ww&—fm I
+<5——’y|z|>LE —|—(ﬁ + 02—|—

1
D" =Bl + 30 GLaD) ) B

+<6+ Yy Lo smia+ WE<MQLEW

+< 4592 187 _1‘9(92+37)E( )_%527E|Z’

+3090E (2]2]) — 57 (* + 392) E|z)* ) Ehtvuhi-iahe1

Eaiipns

| 87+ 180 + 1577 —19(92+37)E(2 ) — 36 VE |2]
+3BY0E (2 |2]) — v (v* + 36°) E |2
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The forth term
1 1 1
Ehyohip, = B (0 +~Er) Eg+ E, + 1 (0 +7) Egu+ (8- §7E |Z| Epu
1 1
380+ BB = W |2) By + (8 = 37E141) sl
1 1 1
+Z (9 + '}/) (5 — §9E23 — 5")/E ‘2’3) EW%/BW

1 1 1
+ (52 + 192 + 1_172 —vyBE |z| + ifyﬁE (z |z])> Ehi_1.0hi—1.8,
= E;a;ﬁyw
if ]52 + }192 + %172 —vBE |z| + %WE (z \z|)} <1.
The third term, as
qln hy A qo 1 qu
E (6 ht—l;a,ﬂ) = A" EpEa+ 1 (Dg — ae™Ay) EpE.np

+C'qE (eqﬁ ln(ht71)ht_1;a7ﬁ)

0o i—1

= Z [Aqﬂieqo‘ﬁ Eq6i+1E;a + <Dq5i — ae?® aAq6i> EqBiHE;OG/B] HCQBj
i=0 §=0
= EgLiagp,
is given by:
1
Ehyuhieps = —(0+7E)E_ 1 Eq — 579E 2| E_1 Eiais
— (80 + ByE; —10E |2]) E_1 Eia
1 1 15, 15
+( 08— §7E 2] | Eiagu + 1 BYE |z| - 57 - 56 —0Ez 2| | Eapip

1 1 1
+ <62 + 21(92 + 172 - ’YBE |Z| + E’YQE (Z |Z|)) Eht—l;pht—l;a,ﬁ
= Eysap
if |82 + 10% + 172 — 1BE 2| + 379E (2 |2])] < 1.
Finally, the first term

1
In (ht) ht;,u,,a = (50[ (9+”)/E[) +’}/6E’Z‘) EféE;a

) a(B—3vE|z|) + BYE 2|
(62 + 240E 2+ ayE|2]) B, :
_|_4 ( +290Ez |z| + 7" + ay ‘ZD s T ( _%72_%92—79E2|2’

1 1
+§5 (0 +~Er) E_1 LEq + ZﬁvE |2| LE...,
1
+6 (/6 - §7E |Z|) Eln (ht—l) ht—l;u,a
= LE

S0
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and it follows that

1 1 1
Ehyghipe = 9 (0 +~Er) Ef%LE;a + Z’YE |2 LEq;, + (6 - §’YE ’Z‘) LE;q

1
+5 (B9 + ByE; =0 |2]) E_1 Bays
1

~0° —0E> |z|) hi-1.5ht—1.0hi—1:0

1 1
Z Elzl — ZA~2 —
+4<Bv 2 = 57" = 3

1 1 1
+ (52 + 30+ 77 —BE 2| + 10E (2 |Z|)> Ehi—riphi—1;p0

= Lgpa
if |82 + 0% + 172 — VBE 2| + 379E (2 |2])] < 1.

4.8 Miu-Alpha-Gamma
As

E (eqln(ht)ht;aht;’y) _ quanqﬁ + YqEqBE;a + CqEq/ng
+RqE (eqﬂln(ht_l)htfl;'yhtfl;a)

i—1

— Z |:G Bze E ﬁ7'+1 + }/;/BZE BhLlE + C BzE ﬁerlE i| HRqBj

i=0 j=0
= BEgliay
T T T T 1
Egucw = _§Eht;#,aht;v + §Eht;aht;vht;# - 5 (Eht;uht;aﬁ + Eht;aht;%#) + §E (\/_h—tht;aht;v)
T T T T
= _EEht;u,aht;v + EEht;aht;vht;u - 5 (Eht;uht;ow + Eht;aht;%u) + §E7§E;a;7-
For the second term we have that
1 1
Ehyohyyhe, = —0F |z E .+ (BE |z| — §9Ez |z| — 57) E,
1 1
— |0 BE|z| — —9Ez|z| — 9+§E122 E_1Eq
+ ( BE |z |——9Ez] |——7> — (BO+ ByE; —y0E |z|) E_.E

52+

+

( 7 —vBE |z| + VQE( |z |)> B
( 'VE!ZD 370 (HE(ZVZD 27) )E N
i 02 +9%) (0 +vEr.2) + By (Er — 0E |2]) o

+286% + 3872 — 10 (0 + 392) E (2°) — $6°yE |2
4 8 2
+3BY0E (2 |2]) — 37 (12 +36%) E |2’ Ehi—1iyfe-viahe—13

i
B0 (3

oz'y,ua
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ip| 27+ 500+ 5670 — 30 (" +37°) B (%) — 55 E 4
+38V0F (2 |2]) — g7 (v* + 36%) E 2]
For the fourth term

1 1 1 1
Ehiohtyy, = 2 (0 +~Er) E—%Ew - éE 2| by, + 1 (0 +7) Eo + (ﬁ - §'VE |Z|) By

1 1 1 1

—i—g (B0 + pyE; — YOE |2]) E 1By — 3 BE |z| — §9Ez |z| — 37 E.op
1 1 1 3

+Z_l (9 + ")/) (5 - §9E23 — §7E |Z‘ ) E;a;'y;,u

2 1 2 1 2 1
+ ﬁ + 1‘9 + -7 = fyﬁE |Z’ + 570E (Z |Z|) Eh’tfl;ahtfl;,u,,'y

4
= b

SOGHYY Y

if ‘52 + }192 + %172 —vBE |z| + %’yﬁE (z \z\)} < 1.
For the third term, as

1 1
B (" hyy) = —5Gee™ BB+ 7 (Dy — ae™Ag) By By
+CF (eqmn(ht_l)ht—l;%a)
B > 1G _qaﬁiE M E 1 D . QBiaA NE i E iilc .
- Z T 5t g+t ;a"'Z gpt — € aB’ ) Haptt Hiesy H s’
i=0 =0
= Eilay

we get

1 1
hephty,a = §9E E E—%E;a - 57‘9E || E—%E;a;v — (B0 + ByEr —10E |z]) E—%E;aw
1 1 1 1 1 1
-5 (5E |z| — §9Ez |z| — 57) Ep+ 1 (nyE |2| — 572 _ 592 —v0Ez |z|> Eoryip

1 1 1
+ (52 + 192 + 172 —BE |2| + 579E (2 ‘ZD) Ehy 1155,

E;u;%av

if |87 + 1607 + 192 — BE 2| + 340 (2 ]2])| < 1.
Finally, for the first term

1 1 1 1
Ehyyhipa = §9E 2| E—%E;a + 1 0Bz 2] +7) By + (BE 2] — §€EZ 2] — 57) Eya
1 1 1, 1,
5 (B0 + ByEr —10F |2]) E—%E;ocw + 1 BVE 2| — 57 - 59 —0Ez 2] | Eamp
2 1o 1, 1
+| 5"+ 19 + R VBE |2| + 579E (z12]) ) Ehi—ryhi-ripa
Eiipa

T ‘ﬂQ + 41162 + ;1172 —fyBE|Z| + %VQE <Z|Z|)} <1l
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4.9 Miu-Alpha-Theta

As now

E (eqln(ht)ht;aht;9> = F,e"Ep+ ZEpb.+CiEply
+RqE (eqﬁln(ht_l)ht—lﬂhtfl;a)

[e) i—1

— Z [Fqﬂieqaﬁ EqﬁiJrl -+ ZqﬁiEq[BH»lE;a + CqBiEqﬁi+1E;9:| HRqﬁj
1=0 7=0
= EqE;a;97
then
T T T T 1
Eg,uaé = _EEht;,u,aht;O + EEht;aht;Oht;u - 5 (Eht;uht;a,e + Eht;aht;G,u) + EE (ﬁht;aht;e)

= —gEht%aht;g + gEht;aht;ghw — g (Ehiphiag + Ehgaheg ) + E_1Eqy.
For the second term we have that
Ehyohioh, = —vE|z| EL% — (B0 + ByEr —OF |2|) E%E;g
- [1B 1 = 300+ 2B - 3 082151+ )| BB
_ { 80(5 —7E|zl) + 576 (0F (= |2]) + 57) } £ LB
+3 (07 +9%) (0 +vE12) + By (Ep — 0B |2|) | ~2 7

4
1 (92 + 72) E23 )
+ 4 E..
< —08 —BE[z|z]] + 0B |2 ) T
L B B8 + 3877 — 50 (6° +37°) B (2) — 355 E 2]
+5OY0E (= |2]) — g7 (v + 36%) E |2

1 1 1 1
D) (0 +vEz|z|) B+ (62 + 192 + =7 —yBE |2 + 570E (2 |z|)> By

) Ehtfl;,uhtfl;ahtfl;e
E;Oé;9;u

ip| B AP0+ 0877 — 30 (62 + 39%) B (%) — S E |2]
+%579E (z|z|) — %7 (72 + 30 ) E |z
For the fourth term we have that

< 1.

1 1
Ehyohue = (0 +~Er) E—%E;O + Z’VE |2 Eg + (ﬁ - §7E |Z'|) Eipo

1
+ (ﬁe + ByEr — y0E |Z|) E—%E;aﬂ + 1 (0 +Ez |Z|) B
1 1 1
‘f‘z (BWE 2| — 572 - 502 — 0Lz |Z|> E.no
s 1 o 1, 1
+(|8°+ 1‘9 + 17 —YBE 2| + 570E (z2]) Ehy1.0hi—1,0

- E;oc;uﬂv
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if |87 + 1607 + 392 — BE 2| + 340 (2 ]2])| < 1.
For the third term, as

qln(ht) 1 qo 1

FE (6 ht;a,&) = —§Fq€ quE;a —+ 4_1

+CyFE (eqmn(ht’l)ht—ha,e)

(Dg — ae?®Ay) EgsE.qnp

[e.9]

1 i 1 i
_ § qof . . B ) . | | )
= |:—§Fq62€q EqﬂH'lE;Oé + Z <Dq51 — Oéeq Aq,ﬁz) Equ+1E;a;9:| | Cqﬁj

=0
— EqE;a,6‘7

we get

1 1
Ehyphiey = §ny (2| E_yBa = 90E |2| E_yEg — (80 + BYEr = 10E |2)) E_y Exag

1

1
P20 4Bz el) Byt (ﬁvEIZI——v 2

1
+ <52+102+

= E;u;aﬂv

07 —0E> ’Z|) B

172 —BE |z| + 579E (2 |Z|)) Eht1uhi—10.0

if |82+ 10° + 142 — vBE 2| + 310E (2 |2])| < 1.
Finally, for the first term we have
1 1
Ehyohyyo = §7E |z| E_ 1Bo+ - (9 +vEz|z|) E = (9 +vEz|z|) E,,

1

1
b3 (B9 + P1Ey — 20B |2]) B_y B + ¢ (67E!Z\——7 :

~0 — YOEz ‘Z‘) B0
1 1 2
+ (B —=0z1—=v |Zt—1‘ ht—1;9ht—1;u,a7
2 2
it 8% 4 167+ 197 — 9B 2| + 190F (2 |2])| < 1.

4.10 Miu-Beta-Beta
For o € {f3,7,0} we have;

T T
1 1
lugo = —§Zzt hrsohis + 5 Z 1) heypo + = Zzt (husphusghio — (hiuhiso + highigo))

T T
1 9 1 1
+2 g 2y \/—ht,ﬁhto - E (\/_h—tht;ﬁ,o - \/_h—tht;ﬁht;o) )

t=1

with

T T T T 1
Elugo = — 5 Eheyphot 5 Ehyuhighso— < (Eheheso + Eht;ﬁht;u,o)+§E (ﬁht;ﬁht”) :
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Hence, as

E (e 1n () hyp)

E (6q ln(ht)hiﬂ)

= DyEgpL+ PiEgEs+ BAqeanqﬁL2

+BC,E (€901 (hy_y) hy_1,5)

> i—1
=2 [DW’ Eggr L+ PygEogi Eip + 5i+1Aq6i6qa612CqﬁiEqﬁi“Lz] call

1=0 iy
— E,LE4

= AeE L* +2C,E,sLE

FR,E (e7tep2 | )

i—1

= Z [AqﬁieqaﬁiEqﬁiH I? + 2CqB¢EqB¢+1 LE;B} H Rqﬁj

i=0 j=0
= EoBpy
we get
T T T 1
EY — —TFEhy, shis + —Fhy,h?, — =Ehy.,hy +—E<—h2,)
/1/66 t,llqﬁ t;3 2 T t;8 2 tp ;8,8 2 \/h_t ;8
T T T

= = —TEht;‘ufjht;ﬂ + EEht;/'th%;,B - EEht;“ht;ﬂ,B + EE_%E(’B)Z

For the second term we have that as

E [eqln ht 1n2 (ht)}

N Ey5 +28D,EL + 52 A E (€970 1n? (hy_y))
N,E 5 + ﬁ%ququﬁEqﬁz +28D,E,sL + 253eququﬁEqﬁzL
+6%e1 A, Ayt E (6052 In(hs—2) |2 (ht_2)>

[e9) i—1 i—1
21 B
> 5 (NqﬁiEqﬁi“ +28D,5 Eygr L] | Aqﬂj) [Le

i=0 §=0 j=0

E,L?,

where by convention H;:lo Aqﬁj =1 and Hj;lo eqeB’ — 1,

En® (he) hey, = — [0 (0 4+ vE;) +4ay0E 2| + (0 + vEr2) (07 ++*) + 290 (0Ez |2| + )] E_

1
2

—2B[a (0 +vEr) + 290E 2| E_1 L — 5% (0 +vEr) E_%L2

A

o? (B —37E|2]) + (0% + v?) (B — 10E2* — 3yE ]z|3) —ab (0 +~vEz|z|)
+20y (BE |z| — 30Ez |2| — 37) + 290 (BEz 2| — 30E = IVE2?)

1 1 1
128 {a (6 e |z|) ¥ BB 2| — 37 — 2 —A0E= ||| LE,

432

2

1
(ﬁ — §7E |z|) E In? (hi—1) b1,

= L2E;u
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and
Eln (hy) heghey = —[a(0+7E7) +290E |2 E_; L + {a (6 - —vE 12| | + 2v0FE |z|] LE,,

_ a[B(0+~Er) —0F 2] + 2840F |2] ELE
—%[(0+7E122)(7 +6%) + 290 (0B |z] + )] 2
a (B +10° + 17 = 1BE 2| + 370E (2 ]2]))
+ 5(02+7)+57E|zy+47(392+7 E|z°

+10 (0° + 3v%) E2® — 2B70F [z |2]]
—B(0 +~Er) E_%L2 —B[B(O+7Er) — 0B || E_1LE

1
+5 (6 - §7E |z|) L*E
2 1 2 1 2 1
+8 (8% + 19 +7 - VBE |z| + 579E (z]2]) | Eln(hy—1) hi—vhi-ap
= LE;M;B
if B[6%+160° + 192 BB 2| + 140E (2]2])| < 1, we get

Bhyuhiy = —(0+~Er) E_LL* = 2(80 + fyEr —10E |2|) E_1LEg

_{ B0 (8 = YE|2]) + 570 (OF (2]2]) + 57) ]E B
+1 (07 +77) (0 +7Ep2) + By (B — 0E [2]) |~ 276
1 1 1 1
+ (ﬁ - B yz|) L*E,, +2 (52 + 10"+ 37 —1BEz| + 570 (2 \Z|)> LE;p
. ( B3+§592+%ﬁv2—%9(92+37 ) E(2%) — 565 E || )Eht Luh?
+3B10E (2]2]) — 1y (7 +36%) E |4 S
= B

‘ B3+ 4692 457 — %9 (02 + 372) E(23) — %?’BZWE |2]
+3B0E (z|2]) — v (v* + 36%) E ||
For the third term, as

< 1.

1 1-
E (™M hys5) = 24,9E3Es + 2 (Dqﬂi — ae” aAw) Eqs B2
+C B (e =0ny )

[e.e]

_ ,qa . ) Bra . . )

fr—y Z |:Aqﬁz€q Eqﬁ’rklE;ﬁ + Z (Dqﬁz - Oéeq Aq,@”) Eq/31+1E(;B)2:| H Cqﬁj
1=0

= E.Egsg,
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we get

ht;uht;ﬂ,ﬁ =

if |52+ $60% +

1
-2 (9 + ’}/E]) EL%E;g — 5’79E ‘Z’ Ef%E(;,Bf - (66 + ByE; — v0FE |Z’) E,%E;ﬁ,ﬁ

1 1 1 1
+2 (5 - §7E \z\) By + 1 (B’YE 2] — 572 - 5‘92 —0Ez ‘Z|> B0y

1 1 1
+ <62 + 192 + 172 —vBE|z| + 579]5 (2 ’Z\)) Ely—1;uhi-1,6,8
E;u;ﬁ,ﬁ

;1172 —vBE |z| + %’yQE (2 \z|)} < 1.

Finally the first term, as

1
Eln(h) hep, = [504 (0 +~E;) +~0F |z|} Esg+ (a+~E|2]) E,

it follows that

Eht;/ﬂ’ht;ﬁw =

if |3+ 16% +

+i [(0+7) (082 +9E[2]") + o (0 +7)] By

1 1 1
o (5= 3rB141) + BrELel - 507 = 367 0 1al| By
1 1
+§6 (0 +~vEr) LEs + BLE,, + 15 (0 +) LEg,

1
+6 (8= 1B 1:1) Bl () hesa
= LE;ﬁyu

1 1 1

9 (0 +~Er) LEs+ LE, + 1 (9 + ’7) LEg,, + (5 - §7E |Z|) LEg,
1 1

+§ (B0 + ByEr —~0F |2]) Eig2+ <5 - §’YE ‘Z’> By
1 1 1

1 1 1
T (52 + 192 + 172 —1BE |2 + 570F (2 |Z|)> Ehi1,5he-1:.
E;ﬁ;ﬂw

4—1172 —vBE|z] + %VQE(z \z|)} < 1.
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4.11 Miu-Beta-Gamma

As
E (eqln(ht) In (he) htw) = [aGue"™ + 0H, + yMy| Eys + BGye" EggL + PyEE.,
+BC,E (e 1 (hy_y) hy_1.,)
fe’e) ot i—1
_ Z [anBieq .ﬂ + HHqﬁi —|— ’)/Mqﬁi] Eqﬂi-H 62 H o o
=0 +ﬁl+1Gqﬁi€aqﬁlEqBi+l E;’Y ]ZO I
= E,LE.,
and

E (eqln(ht)ht;ﬁhtw) = Gue"EpL+Y,EpLs+ DyEsLE,,
+RE (e Ry hep)

o) i—1

_ qaBt ) ) , ) 4 )

— Z [Gqﬁzeq Eq,BhLlL + }/:],BZ Eq,BhLl E’B + Dqﬁz Eq/gwrl LE;'Y:| H Rqﬁj
i=0 =0

= EqE;ﬁ;'v

we get
T T T T 1
Eéuﬁv = _EEht;uthtw + §Eht;uht;5ht;'y - 5 (Eht;uht;/ﬁﬁ + Eht;,@ht;u,v) + EE (ﬁht;ﬁhtw)

T T T T
= _§Eht;uﬂhtw + EEht;uht;Bhtw D) (Eht;uht;ﬁﬁ + Eht;ﬁht;un) + EE—%E;BW'

For the second term, as

o , ) a (BE |2| — 0Bz |2| — 17)
Eln (hy) hiphy, = — (a0F 2] + 0*Ez |2 + 290 + y*Ep.2) By + [ Bz 2| + 2960 + 2By | P
_{ o (B9 + BYEr — 10E |2]) + 28~0E || }E B
=5 [(0+7Er2) (v +0%) + 290 (02 || +9)] [ 7277
o (8 + 307+ 77 = YBE |2] + 390 (212])) huoriyheris
+ =B (07 +9°) + ByE |2| + 37 (30" + %) E2] B
+30 (07 +39%) B2* — 2B10F [z |2]]

1 1
—BOE|z| E_1L + 3 (BE |z — §9Ez |z| — 57) LE,,
~B(B0+ ByEr —0E |2|) E_, LE,,
1 1 1
+3 <62 + 192 + =92 —BE |z| + 579E (z ]z\)) Eln (hy—1) bt—1hi-1,

4
= LE

YV
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if ‘ﬂ (52 + %92 + %172 —vBE |z| + %7«9E (z |z|))| < 1 and it follows that
Ehyghiyhy, = —0F|z] E 2L - (B0 + pyE;r —~0FE |z|) E_LLE,

- {e <6E 2] - 19Ez |zy) s (9 + %E,)} BBy

wﬁ3vEM>2wwE@MH€ﬂ .
92+7 ) (0 +Ep2) + By (Er—0E|2]) | 727

1
+ | BE |z| — —(9EZ |z| — —fy) LE,

+

(54 3674 392 =B L+ 330 < D)) LE,

2E\z|+ (92+7)Elz\ 5.
955 !z\ VB + V0EZ? Bin
3 2p2 3 1 2 3 3
+100° + 307" — 50 (6" + 39%) B (%) — 56%9E
(T e Bliahicahir

- E;ﬁw;u

B2+ 386% + 367 — 50 (0° + 39°) E(2°) = 35°vE |2
+2BV0E (z]2]) — 1y (72 + 36%) E |2’

For the fourth term, as

< 1.

1 1
Eln(h) hiyy = [504 (0 +~E;) +~0E |z|] E_E, - 5 (aE|z| +0Ez|z| +v) E

1
+ (0 +7) (a+0E2° +yE 12°) E
1 1, 1,
+ |« 5_5’7E‘Z’ +57E!z[—§’y —59 —Y0Ez|z|| E

1 1 1
+§/6 (0 +~Er) E—%LEW - §BE 2| LE,, + Zﬁ (0 +7) LE;,

1
+6 (6 — §’VE |Z|) Eln (ht—l) ht—l;p,,w
= LFE.

777/'[/ ?

it follows that

N| —

1
Ehyghyuy = 5(0+7vEr) E_1LE, ——E| |LE.,, + - (9+7)LEW+<6—§7E|Z|> LE.,

1

1 1 1
ht—l;ght;«,> —3 (BE |z| — §0Ez |z| — 57) Eg.,

t—1

1

+§ (B0 + ByEr —~0FE |z|) E (
1 1 1

+Z (9 + 7) (5 - §9E23 - §7E |Z|3> E gy

1 1 1
+ (52 + 1‘92 + 172 —vBE |z + 579E (2 |Z|)) Ehi-1,8ht—1,4
= E;B;%u’
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if 8% + 10° + 7% —1BE |2 + 370E (2 ]2])| < 1.
The third term, as

n(ht @ 1 « 1 «
F (eql (h )ht;ﬁ,'y) = A EpE, — §quq EpEg+ 1 (Dy — ae®™Ay) EggEgy
+CE <€qﬂln(htil)ht—1;ﬂﬁ)

o T <Dq6i et aAqBZ) Eqpi1 Eipyy =0 v
= EoEipy,
becomes
Ehuhepy = —(0+7Er) B_y By + 0B |2l B_y By — 10F |2 By By

— (B9 + ByEr —0F |2|) E_1 B,y

1 1 1 1
+ (ﬁ - §7E |z|) By — 2 (BE |2 = §0EZ 12l = 57) Eipn

1 1 1
+4_l (5’YE 2| — 5’72 - 592 — 0z ’Z‘) E g

1 1 1
+ (62 + 192 + 172 —BE |z| + S 10E (2 \Z|)> Ely—yuhe-15,4

- Eht—l;uht—l;ﬁm

if |82+ 16° + 142 — BE 2| + 310E (2 |2])] < 1.
Finally, the first term

1 1 1 1
Ehyyhipn = 5‘9E 2| Eip + E|2| By + 1 O+ E |Z|3 L+ (BE 2] — §9EZ 2] — 57) Epp
1 1
+§ (B0 + ByEr —10E |2]) Egyy + (6 - §7E |Z|) B
1 1 1
+Z (9 + 'Y) (5 - §0E23 — 5")/E ‘Z‘3> E?ﬁ%’Y%N

1 1 1
+ (52 + 192 + ;1’72 —YBE 2| + 570E (2 \Z|)> Ehy 118,
= F

738,10

if |82 + 10% + 172 — VBE 2| + $79E (2 |2])| < 1.
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4.12 Miu-Beta-Theta

As
E (e In (hy) hiyg) = [aAge™ +0M, +~vH,)] E,+ P,E,;sEg + BE,e"EysL
+BC,E (€™M0 1 (hy_1) hy_19)
o f: <OZAqBief1aBi + quﬁi —+ ’)/Hqﬁi) Eq6i+1 + PqﬁiEqBi-»-lE;g Bl ﬁc '
— +Bi+1Fq5i eqa/ji Eq6i+lL ol qB
= EqLE;g
and
E (eqm(ht)ht;ﬁht;e) = quaEqﬁL + ZqEqBE;B + OqEqBLE;G
+R,E (6‘16ln(ht—l)ht_l;ﬂht_l;e)
o] i—1
— Z [Fqﬁieqaﬁ EqBH-lL + ZqBiEq6i+1E;ﬁ + CqBiEqﬁH-lLE;g} H Rqﬁj
i=0 =0
= EqEpyg
we get
T T T T 1
Eeuﬁf? _aEht;u,ﬂht;Q + EEht;uht;Bht;G - 5 (Eht;uht;ﬁﬁ + Eht;ﬂht;uﬂ) + EE (\/_h—tht;ﬁht;ﬁ)
T

T T T
_EEht;u,ﬁht;G + EEht;uht;Bht;H - 5 (Eht;uht;ﬁﬁ + Eht;ﬁht;uﬁ) + EE—%E;[?;G-

For the second term, as

Eln (h) hyghey, = —[avE|z| +0(0+vEz|z|)+v(0EL2 +7)] E

1
+[60+B212) + 7 081 +9) - Ja 0 +5:12))| B,
_{ a (B0 + ByEr —0F |z]) + 2670F |z| }E
—L[(0+~vEp2) (7* +6%) + 270 (0E= |2| + )] -
a (82 + 36> + 372 —1BE |z + 310E (2 |2]))

| 8O +7) + BB + 5y (365 +2) B2l | By
+10 (6% + 3+%) Ez* — 2B40E [z |2]]

Ey

1
by )

1
—PVE 2| E_i L — B (B0 + ByEr —v0E |2|) E_1 LE,g — 55 (0 +~Ez|z|) LE,,

1 1 1
+5 (52 + 192 + 172 _ ryﬁE ‘Z| + éfyGE (Z |Z’)> Eln (ht,1> htthtq;e
= LEy,
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if |3 (B> +10° + 102 —yBE|2| + 310E (2 |z|))| < 1, and it follows that

1 1
Ehuhusohus = _7E|Z|EéL_{MEM—59(9+7Em)—§v(9Ez|z|+v)1 E_yEyg
— (B0 + BYEr —40E |2]) E_1 LE,
[ BOBAELD+ 0 EGIN ) e gl
+1(6° +92) (0 4+ 7Er2) + By (Br — 0B |2]) | T—379¢

1 2 2 3
O+ B0 LB+ g ip ) ho g ) B

N

1 1 1
+ <B2 + 192 + 172 —YBE|z| + J0E (2 IZD) LE g

B+ 2B0° + 2892 — 10 (0° + 392) E (°)
Ehy_q1.,hi—1.0hi—1.
+< —3B°VE |2| + $B10E (2 |2]) — 3y (2 + 30%) E 2] ) 7T K0TS

= Epgou
ip| 8 AP0 08" =30 (8 +39°) E () — 56 E e | _ |
+%Bv9E (z|z]|) — %7 (72 + 30 ) E |z
The fourth term, as
1
Eln(he) hiwo = o0 +7E1) + 200E 2| E_yBg + 7 (avB |2 + 6° +9* + 290z |2]) By,

a(f—3vE|2]) + ByE 2] 1
+ < _%72 _ %92 — V0Ez |z| Eo 5 (9 +Ez ‘Z|) E,

1 1
‘f‘ﬁ (9 + ’YE[) E_%LE;Q + ZB’YE |Z’ LE;@;‘LL + 6 (B - §7E ’Z|) In (ht—l) ht—l;,u,@
= LE,»,

and it follows that

1 1
Eht;ﬁht;u,e = (9 + ’)/E]) E_%LE;@ + Z’}/E |Z| LE;@;N + (5 - 5’7E |Z|> LE;“ﬂ
+ (80 + ByEr —A0E [2]) E—%E;ﬁﬁ
1 1

1 1
+ O+ VB 2] Byt § (9B 12l = 57 = 562~ 1085 1) Ega

1, 1 1
+ (52 + 30+ 77 —BE |+ 570E (2 |ZD) Ehi—1ghi-150
= Epue,

if ‘52 + }192 + ;ll’yQ —vBE |z| + %”)/QE(Z \z|)} <1,

34



The third term, as

1 1
E (qun(ht)ht;ﬁﬂ) = A" EgpEy — §Fq€anqﬁE;B + 4 (Dg — e Ag) EggEigip
+C,F (eqﬁln(ht_l)hpl;,@,é)

oo _qapt . 1 qafBt , i—1
o Z Aqﬁzeq B Eq/82+1E;0 _ EFqﬁzeq B Eq/jrklE;ﬁ HC .
= L | o | | 5
i—0 +Z <Dqﬁl - O{GQ6 Aq,ﬁl) EqﬁhLlE;B;g j:O g
= EqE;Bﬁ
becomes
1 1
Ehyuhige = —(0+7Er) Ef%E;G + §7E || Ef%E;ﬁ - 579E || Ef%E;B;H

— (B0 + ByEr =0 |2]) E_1 Egp

1 1
+ (B — §7E |Z|) E;Q;M + Z (9 + 'YEZ |Z|) E;ﬁ%#

1 1 1
+7 (BB 11 - 572 = 368 = 20B2 12) B

1 1 1
+ (52 + 192 + Z’Y? —vBE|z| + 579E (2 \ZD) Ehi1;uli-1;.

- E;M;Bﬁ

if |82+ 10° + 142 — vBE 2| + 310E (2 |2])| < 1.
Finally, the first term

1 1 1
Ehyohig, = §7E 2| Eig + 1 (0 +7) E2*Eg,, — 2 (0 +7Ez|z]) Ep,
1 1
380+ BYEr —~20E ) Ego + (9~ 378141 ) Ea

1 1 1
+Z (9 + 7) (rB - §9E23 - §7E |Z‘3> E;B;B;u

1 1 1
+ (52 + 192 + 172 —YBE 2| + 570E (2 \Z|)> Ehyv0l-1,8,0

- Eﬁ;ﬁ:u
if |37 + 1607 + 192 — BE 2| + 340E (2 ]2])| < 1.

413 Miu-Gamma-Gamma

Now, as

E(e™M0p2 ) = M,Egp+2Y,EpE,, + RE (e#®0te-0p2 | )

00 i—1

= D [Myg By +2Y5Egr By [ | By
i=0 Jj=0

- ECIE(W)2
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we get

T 1
—E | —=h?

T T T
= —TEh, i+ EEhwhfw — Bl + S E_ LB

T T
Elyyy = —TEhyuyhiy + 5Eht;uh?;7 - 5Eht;uht;%v +

For the second term, as

E (eqm(ht)ht;'yht;u) = _XqEqB—é + YZJEqBE;u - QqEqB—%EW
+RE (eqﬁln(ht_l)ht—lwht—l;u)
00 i—1
— Z [—XqﬁiEqBilei% -+ }/éﬁiEqﬁiJrle — QqﬁiEqﬁ%Hi%En} HRqﬁj
i=0 §=0
= EqEqu,
we get
1 1
Eht;ﬂh?;q/ = — (0 + ’}/E[ZQ) E_l -2 |:0 (ﬁE |Z| — §9EZ |Z|) - (0 + §E122):| E—%EWW

ukli—\@

6(8—El)+370(0E (12N +37) 1p 5
92+7 ) (0 +~Ep2) + By (B — E|z]) | 7376
LB s BE|o| +1 (0" + ) E |
—|—( ——QEZ — ’}’E‘Z| >E;u+2< —QBE[Z|Z|]—75+%79EZ3 EW;/L

ey (0439 E ()~ 38E ]\ gy o
+3B70E (2 [2]) — 37 (12 +36°) B |2 =1l

’ B+ 4502 457 — 30 (0° + 39%) E (%) — 3B°vE |2|
+3BV0E (z]2]) — 37 (7 +362)E!z\
For the thlrd term, as

< 1.

1
E(e"™Mh, ) = —GueEgE,, + I (Dg — ae™Ay) EgsE.
—|—CqE (eq/j ln(ht_l)htfl;'y,'y)

oo

1 i
— § , . , B'a . , | | ‘
= |:_XquEq6'L+lé + Z <Dq62 - Oéeq Aqﬁz> Eq61+1 E(77)2:| Cqﬁj

1=0

= BB,

we get
1
Ehiuhiye = OB || E_yE, = Sy0B|2| E_yE( 2 — (30 + 3YE; = 10E|2|) E_,E

1 1 1 1 1
— <ﬂE 2| — §9Ez 2] — §7> E .+~ <57E |z| — 572 — 502 —Y0Ez |z|) E

o 4

= b

1, 1 1
B+ 10° + 37° = 1BE 2| + 510E (2 ]2])

> Eht—l;uht—l;%v
Y SY
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if |82+ 16° + 142 — BE 2| + 310E (2 |2])] < 1.
Finally the first term

1 1 1
Ehyyhiyy = §9E || EL%E;V - QE (9 +7)E |Z’ B+ 5 (ﬁE 2] — _HEZ 2] — 27) By

1 1
—|—§ (B0 + pyEr —~0FE |z|) E 1B+ - (9 +7) (ﬂ - §9E23 — §7E \z|3> By
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Finally, the first term
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The third term, as
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Appendix

The following are a collection of helpful expectations that are frequently employed in
the proofs of the main results. Notice that these expectations are analytical functions
of the parameters only under the assumption of normality. In the general case these
can be estimated from their sample counterparts, e.g. F exp [qﬁi 0z +~ |z|)] can be

estimated by 7 Zthl exp [¢B° (02 + v |2])], where z is the standardized residual.

A Various Expected Values

First, notice that E exp [qﬁi 0z +~ |z|)} depends on the distribution of z. For ex-
ample, under normality, i.e. z YN (0,1), we get that, for k; = ¢f" and ky = ¢3",

‘ 1 o0 1
Eexp [¢B8' (024 7]z])] = E/ exp </@12 + Ko |z — 522> dz
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+exp<(“”;“'2 )J%/ exp( (z—@ﬁmg))?) i
I P (_gu2) i

(/fl + l€2)2 / (k1+K2)
—~u?)d
+exp ( 5 oL exp u U

= exp (M> ® (= (k1 — K2)) +exp <M> ® (k1 + ka2)

2 2
= exp (M) P (qﬁz (7 _ @))
+exp (W)  (qf (0 +))

- Aqﬁz

where ® (o) the standard normal cumulative distribution.
Moreover, consider

E (zexp (kiz + ko |2])) = / zexp (k12 + k2 |2]) f (2) dz = F g,

[e o]

where k1 = ¢03', Ky = ¢y and f (z) the density function of the standardized error.
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Under normality, i.e. z YN (0,1), we get that

. 1 * 1
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where u = z — (k1 — ko) and = z — (k1 + Ko), and it follows
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2
- Fqﬁz,
where, again, ® (e) the standard normal cumulative distribution.
Further,
E (|z]expqB’ (0z + v |2|)) = E (|2] exp (k12 + k2 |2])) = / |z exp (K12 + K2 |2|) f(2) dz = G g,

where, again, k1 = 03", k2 = qyB3" and f (2) the density function of the standardized
error. Under normality, i.e. z YN (0,1), we get that
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and applying the same technique we get

E(|z|exp (k1z + k2 |2]) =

Additionally,

V271

+qB' (v +0) @ (g8 (v +6)) exp (

Gqﬁi'

E {(a +0z+ |Z|)2 exp [qﬁZ (v +0z+ |z|)] }

where

E{z|z|exp [¢8" (o + 0z + v|2])] }
E {22 exp [qﬁi (+0z+~ |Z|)]}

and they are evaluated as the above expectations.
Furthermore we employ the following symbols to manage the length of various
expressions, where z is a zero mean unit variance ¢id random variable
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