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1 The Model

yt = �+ zt
p
ht; t = 1; :::T; where

zt � iidD (0; 1) ; ln (ht) = �+ �zt�1 +  jzt�1j+ � ln (ht�1) :

with

E ln (ht) =
�+ E jzj
1� � = L:

2 First Order Likelihood Derivatives:
Following, henceforth, the notation employed in Linton (1997), i.e. ht;� =

@ ln(ht)
@� and

so on, the 1st derivatives of the log-likelihood function with respect to � is:

`� = �
1

2

TX
t=1

@ ln (ht)

@�
� 1
2

TX
t=1

2zt
@zt
@�

=
1

2

TX
t=1

�
z2t � 1

�
ht;� +

TX
t=1

ztp
ht
;

as
@zt
@�

= � 1p
ht
� 1
2
ztht;�:

Now

ht;� �
@ ln (ht)

@�
= � (� +  [I (zt�1 � 0)� I (zt�1 < 0)])

1p
ht�1

+

�
� � 1

2
�zt�1 �

1

2
 jzt�1j

�
ht�1;�;

as
E [I (z � 0)� I (z < 0)] z = E jzj ;

and

Eq exp (lnht) = exp (q��)E exp

" 1X
i=0

q
�
��izt�1�i + �

i jzt�1�ij
�#

= exp (q��)
1Y
i=0

E exp
�
q�i (�zt�1�i +  jzt�1�ij)

�
= exp (q��)

1Y
i=0

E exp
�
q�i (�z +  jzj)

�
= exp

�
q
�

1� �

� 1Y
i=0

Aq�i = Eq

where Aq�i = E exp
�
q�i (�z +  jzj)

�
and it can be evaluated as in the Appendix

below, it follows that

E (ht;�) = � (� + EI)E
�
1p
h

�
+

�
� � 1

2
E (jzj)

�
E (ht�1;�)

= � � + EI

1�
�
� � 1

2
E jzj

�E� 1
2
= E;�
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if
��� � 1

2
E jzj

�� < 1, and as
E [I (z � 0)� I (z < 0)] =

Z 1

0

f (z) dz �
Z 0

�1
f (z) dz = EI

not necessarily equal to 0, unless z has a symmetric distribution.

3 Second Order Likelihood Derivatives:
In this section we present the second order derivatives, involving �, and their expec-
tation. Notice that, for � 2 f�; �; ; �g we have that

`�� =
1

2

TX
t=1

�
z2t � 1

�
ht;�;� �

1

2

TX
t=1

z2t ht;�ht;� �
TX
t=1

zt
1p
ht
ht;�

and it follows that

E (`��) = �
1

2

TX
t=1

E (ht;�ht;�) :

However, the second derivative of the Likelihood function with respect to � is given
in the following subsection.

3.1 Miu-Miu

`�� =
1

2

TX
t=1

�
z2t � 1

�
ht;�;� �

TX
t=1

�
1

ht
+ 2

1p
ht
ztht;� +

1

2
z2t h

2
t;�

�
;

where

ht;�;� = f� +  [I (zt�1 � 0)� I (zt�1 < 0)]g
1p
ht�1

ht�1;�

+
1

4
(� +  [I (zt�1 � 0)� I (zt�1 < 0)]) zt�1h2t�1;� +

�
� � 1

2
�zt�1 �

1

2
 jzt�1j

�
ht�1;�;�;

with

Eht;�;� =
(� + EI)E� 1

2
E;� +

1
4
E jzjE(;�)2

1�
�
� � 1

2
E jzj

� = E;�;�;
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if
��� � 1

2
E jzj

�� < 1 and where E� 1
2
E;� = E

�
1p
ht�1

ht�1;�

�
is given by

E
�
eq lnhtht;�

�
= �BqE(q�� 1

2)

+E

�
eq(�+�zt�1+jzt�1j)

�
� � 1

2
�zt�1 �

1

2
 jzt�1j

��
E
�
eq� ln(ht�1)ht�1;�

�
= �BqE(q�� 1

2)
� CqBq�E(q�2� 1

2)
� CqCq�Bq�2E(q�3� 1

2)

+CqCq�Cq�2E

��
� � 1

2
�zt�3 �

1

2
 jzt�3j

�
ht�3;�

�
= �

1X
i=0

Bq�iE(q�i+1� 1
2)

iY
j=0

Cqj = EqE;�:

It follows that

E (`��) = �TE
�
1

ht

�
� T
2
E
�
h2t;�
�
= �TE�1 �

T

2
E
�
h2t;�
�
:

Now

h2t;� = (� +  [I (zt�1 � 0)� I (zt�1 < 0)])2
1

ht�1
+

�
� � 1

2
�zt�1 �

1

2
 jzt�1j

�2
h2t�1;�

�2 (� +  [I (zt�1 � 0)� I (zt�1 < 0)])
1p
ht�1

�
� � 1

2
�zt�1 �

1

2
 jzt�1j

�
ht�1;�;

and it follows that

Eh2t;� =

�
�2 + 2 + 2�EI

�
E 1
ht�1

� 2 (�� + �EI � �E jzj)E� 1
2
E;�

1�
�
�2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�Ez jzj

� = E(;�)2 ;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�Ez jzj

�� < 1 and as
E

�
(� +  [I (z � 0)� I (z < 0)])

�
� � 1

2
�z � 1

2
 jzj

��
= �� + �Ei � �E jzj (1)

due to

E [I (z � 0)� I (z < 0)] jzj =
Z 1

0

zf (z) dz +

Z 0

�1
zf (z) dz = Ez = 0:

3.2 Miu-Alpha
Now

`�� =
1

2

TX
t=1

�
z2t � 1

�
ht;�;� �

1

2

TX
t=1

z2t ht;�ht;� �
TX
t=1

zt
1p
ht
ht;�;
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where

ht;�;� =
1

2
(� +  [I (zt�1 � 0)� I (zt�1 < 0)])

1p
ht�1

ht�1;� +
1

4
(�zt�1 +  jzt�1j)ht�1;�ht�1;�

+

�
� � 1

2
�zt�1 �

1

2
 jzt�1j

�
ht�1;�;�;

with

ht;�;� =
1

2
(� + EI)E� 1

2
E;� +

1

4
E jzjE;�;� +

�
� � 1

2
E jzj

�
ht�1;�;�

where E� 1
2
E;� = E

�
1p
ht�1

ht�1;�

�
is given by

E
�
eq lnhtht;�

�
= Eq + CqE

�
eq� ln(ht�1)ht�1;�

�
= Eq + CqEq� + CqCq�E

�
eq�

2 ln(ht�1)ht�2;�

�
=

1X
i=0

 
Eq�i

i�1Y
j=0

Cq�j

!
= EqE;�

with the convention that
�1Y
j=0

Cq�j = 1.

It follows that

E (`��) = �
T

2
E (ht;�ht;�)

Notice that

Eht;�ht;� = E;� � (�� + �EI � �E jzj)E� 1
2
E;�

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�Ez jzj

�
Eht�1;�ht�1;�

= E;�;�;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�Ez jzj

�� < 1.
3.3 Miu-Beta
Now

`�� =
1

2

TX
t=1

�
z2t � 1

�
ht;�;� �

1

2

TX
t=1

z2t ht;�ht;� �
TX
t=1

zt
1p
ht
ht;�

where

ht;�;� =
1

2
(� +  [I (zt�1 � 0)� I (zt�1 < 0)])ht�1;� + ht�1;� +

1

4
(� + ) z2t�1ht�1;�ht�1;�

+

�
� � 1

2
�zt�1 �

1

2
 jzt�1j

�
ht�1;�;�
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It follows that

E (`��) = �
T

2
E (ht;�ht;�) :

Now, due to equation (1) and as

E
�
eq lnht ln (ht)

�
= E

�
eq[�+�zt�1+jzt�1j+� ln(ht�1)] [�+ �zt�1 +  jzt�1j+ � ln (ht�1)]

�
= DqEq� + �e

q�AqE
�
eq� ln(ht�1) ln (ht�1)

�
= DqEq� + �e

q�AqDq�Eq�2 + �
2eq�Aqe

q��Aq�E
�
eq�

2 ln(ht�2) ln (ht�2)
�

= DqEq� + �Dq�Eq�2e
q�Aq + �

2Dq�2Eq�3e
q�(1+�)AqAq�

+�3eq�Aqe
q��Aq�e

q�2�Aq�2E
�
eq�

3 ln(ht�3) ln (ht�3)
�

=

1X
i=0

�iDq�iEq�i+1
i�1Y
j=0

Aq�je
q�(

Pj
k=0 �

k) = EqL;

with the convention that
Q�1
j=0Aq�je

q�(
Pj
k=0 �

k) = 1, and as

E
�
eq lnhtht;�

�
= eq�AqEq� + CqE

�
eq� ln(ht�1)ht�1;�

�
eq�AqLEq� + CqE

�
eq� ln(ht�1)ht�1;�

�
= eq�AqLEq� + Cqe

q��Aq�LEq�2 + CqCq�E
�
eq�

2 ln(ht�2)ht21;�

�
=

1X
i=0

 
eq��

i

LEq�i+1
i�1Y
j=0

Cq�j

!
= EqE;�

with the convention that
�1Y
j=0

Cq�j = 1, we get

Eht;�ht;� = � (� + EI)E� 1
2
L+

�
� � 1

2
E jzj

�
LE;�

(��� + �Ei � �E jzj)E� 1
2
E;�

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�ht�1;�

= E;�;�;

where

LE;� = E ln (ht)ht;� = � (� (� + EI) + 2�E jzj)E� 1
2
� � (� + EI)E� 1

2
L

+

�
�

�
� � 1

2
E jzj

�
� 1
2
� (� + Ez jzj) + 

�
�E jzj � 1

2
�Ez jzj � 1

2


��
E;�

+�

�
� � 1

2
E jzj

�
Eht�1;� ln (ht�1)

if
��� �� � 1

2
E jzj

��� < 1, and as
E (� +  [I (zt�1 � 0)� I (zt�1 < 0)]) [�+ �zt�1 +  jzt�1j] = � (� + EI) + 2�E jzj
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and

E

��
� � 1

2
�zt�1 �

1

2
 jzt�1j

�
(�+ �zt�1 +  jzt�1j)

�
= �

�
� � 1

2
E jzj

�
� 1
2
� (� + Ez jzj)

+

�
�E jzj � 1

2
�Ez jzj � 1

2


�
:

3.4 Miu-Gamma
Now

`� =
1

2

TX
t=1

�
z2t � 1

�
ht;;� �

1

2

TX
t=1

z2t ht;�ht; �
TX
t=1

zt
1p
ht
ht;

where

ht;�; =
1

2
(� +  [I (zt�1 � 0)� I (zt�1 < 0)])

1p
ht�1

ht�1; �
1

2
jzt�1jht�1;�

+
1

4
(� + ) z2t�1ht�1;ht�1;� +

�
� � 1

2
�zt�1 �

1

2
 jzt�1j

�
ht�1;�;;

with

Eht;�; =
1

2
(� + EI)E

 
1p
ht�1

ht;

!
� 1
2
E jzjE;� +

1

4
(� + )E;;� +

�
� � 1

2
E jzj

�
Eht�1;�;

= E;�;:

It follows that

E (`�) = �
T

2
E (ht;ht;�) :

Now, due to equation (1) and as

E
�
eq lnhtht;

�
= eq�GqEq� + CqE

�
eq� ln(ht�1)ht�1;

�
= eq�GqEq� + e

q��CqGq�Eq�2 + CqCq�E
�
eq�

2 ln(ht�2)ht�2;

�
=

1X
i=0

 
eq��

i

Gq�iEq�i+1
i�1Y
j=0

Cq�j

!
= EqE;

with the convention that
�1Y
j=0

Cq�j = 1, again, we get

E (ht;ht;�) = ��E jzjE� 1
2
+

�
�E jzj � 1

2
�Ez jzj � 1

2


�
E;�

� (�� + �Ei � �E jzj)E� 1
2
E;

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;ht�1;�

= E;;�;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
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3.5 Miu-Theta
Now

`�� =
1

2

TX
t=1

�
z2t � 1

�
ht;�;� �

1

2

TX
t=1

z2t ht;�ht; �
TX
t=1

zt
1p
ht
ht;

where

ht;�;� = (� +  [I (zt�1 � 0)� I (zt�1 < 0)])
1p
ht�1

ht�1;� �
1

2
zt�1ht�1;�

+
1

4
(�zt�1 +  jzt�1j)ht�1;�ht�1;� +

�
� � 1

2
�zt�1 �

1

2
 jzt�1j

�
ht�1;�;�;

with

Eht;�;� = (� + EI)E� 1
2
E;� +

1

4
E jzjE;�;� +

�
� � 1

2
E jzj

�
Eht�1;�;� = E;�;�;

It follows that

E (`��) = �
T

2
E (ht;�ht;�) :

Now, due to equation (1) and as

E
�
eq lnhtht;�

�
= E

�
eq[�+�zt�1+jzt�1j+� ln(ht�1)]zt�1

�
+E

�
eq[�+�zt�1+jzt�1j+� ln(ht�1)]

�
zt�1 +

�
� � 1

2
�zt�1 �

1

2
 jzt�1j

�
ht�1;�

��
+eq�FqEq� + CqE

�
eq� ln(ht�1)ht�1;�

�
= eq�FqEq� + e

q��CqFq�Eq�2 + CqCq�E
�
eq�

2 ln(ht�2)ht�2;�

�
=

1X
i=0

 
eq��

i

Fq�iEq�i+1
i�1Y
j=0

Cq�j

!
= EqE;�

with the convention that
�1Y
j=0

Cq�j = 1, again, we get

E (ht;�ht;�) = �E jzjE� 1
2
� (�� + �Ei � �E jzj)E� 1

2
E;�

�1
2
(� + Ez jzj)E;� +

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�ht�1;�

= E;�;�;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
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4 Third Order Likelihood Derivatives
In this section we present the third order derivatives, involving �, and their expec-
tation. For � 2 f�; �; ; �g we have that

`��� =
1

2

TX
t=1

�
z2t � 1

�
ht;�;�;� �

1

2

TX
t=1

z2t ht;�ht;�;� +

TX
t=1

�
1

ht
ht;� +

1p
ht
ztht;�ht;�

�

�
TX
t=1

�
2
1p
ht

�
ztht;�;� �

1

2
ztht;�ht;�

�
� 1
2
z2t ht;�h

2
t;� + z

2
t ht;�ht;�;�

�
;

and it follows

E`��� = �T
2
Eht;�ht;�;� �

T

2

�
2E (ht;�ht;�;�)� 2E

�
1

ht
ht;�

�
� E

�
ht;�h

2
t;�

��
= �T

2
Eht;�ht;�;� �

T

2

�
2E (ht;�ht;�;�)� 2E�1E;� � E

�
ht;�h

2
t;�

��
:

for � the derivative is given is the following subsection.

4.1 Miu-Miu-Miu

`��� = �
TX
t=1

zt
1p
ht
ht;�;� �

1

2

TX
t=1

z2t ht;�ht;�;� +
1

2

TX
t=1

�
z2t � 1

�
ht;�;�;� +

TX
t=1

1

ht
ht;�

+
TX
t=1

zt
1p
ht
(ht;�)

2 + 2
TX
t=1

1

ht
ht;� +

TX
t=1

zt
1p
ht
ht;�ht;� � 2

TX
t=1

zt
1p
ht

@ht;�
@�

+
TX
t=1

zt
1p
ht
h2t;� +

TX
t=1

1

2
z2t h

3
t;� �

TX
t=1

z2t ht;�ht;�;�;

E (`���) = �3T
2
E (ht;�ht;�;�) + 3TE

�
1

ht
ht;�

�
+
T

2
Eh3t;�

= �3T
2
E (ht;�ht;�;�) + 3TE�1E;� +

T

2
Eh3t;�:

Now as

E
�
eq lnhth2t;�

�
=

�
�2 + 2

�
Aqe

q�Eq��1 + 2�SqEq��1 � 2QqEq�� 1
2
E;�

+RqE
�
eq� ln(ht�1)h2t�1;�

�
=

�
�2 + 2

�
Aqe

q�Eq��1 + 2�SqEq��1 � 2QqEq�� 1
2
E;�

+
�
�2 + 2

�
RqAq�e

q��Eq�2�1 + 2�RqSq�Eq�2�1 � 2RqQq�Eq�2� 1
2
E;�

+RqRq�E
�
eq�

2 ln(ht�2)h2t�2;�

�
=

1X
i=0

h�
�2 + 2

�
Aq�ie

q��iEq�i+1�1 + 2�Sq�iEq�i+1�1 � 2Qq�iEq�i+1� 1
2
E;�

i i�1Y
j=0

Rq�j

= EqE(;�)2
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we get

Eh3t;� = 3

��
�2 + 2

��
� � 1

2
E jzj

�
+ 2��EI � �2E jzj

�
E�1E;�

�
�
�3 + 

��
3�2 + 2

�
EI + 3�

�	
E� 3

2

�3
�

�� (� � E jzj) + 1
2
�
�
�E (z jzj) + 1

2

�

+1
4

�
�2 + 2

�
(� + EIz2) + � (EI � �E jzj)

�
E� 1

2
E(;�)2

+

�
�3 + 3

4
��2 + 3

4
�2 � 1

8
�
�
�2 + 32

�
E (z3)� 3

2
�2E jzj

+3
2
��E (z jzj)� 1

8

�
2 + 3�2

�
E jzj3

�
Eh3t�1;�

= E(;�)3 ;

if

���� �3 + 3
4
��2 + 3

4
�2 � 1

8
�
�
�2 + 32

�
E (z3)� 3

2
�2E jzj

+3
2
��E (z jzj)� 1

8

�
2 + 3�2

�
E jzj3

���� < 1, as
E

"
(� +  [I (z � 0)� I (z < 0)])

�
� � 1

2
�z � 1

2
 jzj

�2#
= �� (� � E jzj) + 1

2
�

�
�E (z jzj) + 1

2


�
+
1

4

�
�2 + 2

�
(� + EIz2)

+� (EI � �E jzj)

E (� +  [I (zt�1 � 0)� I (zt�1 < 0)])2 = �2 + 2�EI + 2

E [I (z � 0)� I (z < 0)]2 =
Z 1

0

f (z) dz +

Z 0

�1
f (z) dz = 1

E (� +  [I (z � 0)� I (z < 0)])2 z = 2�E jzj

E

�
(� +  [I (z � 0)� I (z < 0)])2

�
� � 1

2
�z � 1

2
 jzj

��
=

�
�2 + 2

��
� � 1

2
E jzj

�
+2��EI � �2E jzj

E (� +  [I (zt�1 � 0)� I (zt�1 < 0)])3 = �3 + 
��
3�2 + 2

�
EI + 3�

�
where

E [I (z � 0)� I (z < 0)] z2 =
Z 1

0

z2f (z) dz �
Z 0

�1
z2f (z) dz = EIz2

and

E [I (z � 0)� I (z < 0)] z jzj =
Z 1

0

z2f (z) dz +

Z 0

�1
z2f (z) dz = 1

E [I (zt�1 � 0)� I (zt�1 < 0)]2 z =
Z 1

0

zf (z) dz +

Z 0

�1
zf (z) dz = 0

E [I (z � 0)� I (z < 0)]2 jzj =
Z 1

0

zf (z) dz �
Z 0

�1
zf (z) dz = E jzj

10



Further, as

E
�
eq lnhtht;�;�

�
= BqEq�� 1

2
E;� +

1

4
UqEq�E(;�)2

+CqE
�
eq� ln(ht�1)ht�1;�;�

�
= BqEq�� 1

2
E;� +

1

4
UqEq�E(;�)2

+CqBq�Eq�2� 1
2
E;� +

1

4
CqUq�Eq�2E(;�)2

+CqCq�E
�
eq�

2 ln(ht�2)ht�2;�;�

�
=

1X
i=0

�
Bq�iEq�i+1� 1

2
+
1

4
Uq�iEq�i+1E(;�)2

� i�1Y
j=0

Cq�j

= EqE;�;�

we get

Eht;�ht;�;� = �
�
�2 + 2�EI + 

2
�
E�1E;� +

�
�� + �Ei � �E jzj �

1

2
�E jzj zt�1

�
E� 1

2
E(;�)2

+
1

4

�
�E jzj � 1

2
� (� + EIz2)�

1

2
 (�Ez jzj+ )

�
E(;�)3

� (�� + �Ei � �E jzj)E� 1
2
E;�;�

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�;�ht�1;�

= E;�;�;�;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1 and due to
E (� +  [I (z � 0)� I (z < 0)])

�
� � 1

2
�z � 1

2
 jzj

�
z = �E jzj�1

2
� (� + EIz2)�

1

2
 (�Ez jzj+ )

4.2 Miu-Miu-Alpha
We have that

E`��� = �T
2
Eht;�ht;�;� �

T

2

�
2E (ht;�ht;�;�)� 2E

�
1

ht
ht;�

�
� E

�
ht;�h

2
t;�

��
= �T

2
Eht;�ht;�;� �

T

2

�
2E (ht;�ht;�;�)� 2E�1E;� � E

�
ht;�h

2
t;�

��
:

11



Now

Eht;�h
2
t;� =

�
�2 + 2�EI + 

2
�
E�1 +

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
E(;�)2

+

��
�2 + 2

��
� � 1

2
E jzj

�
+ � (2�EI � �E jzj)

�
E�1E;�

�2 (�� + �Ei � �E jzj)E� 1
2
E;�

�2
�

�� (� � E jzj) + 1
2
�
�
�E (z jzj) + 1

2

�

+1
4

�
�2 + 2

�
(� + EIz2) + � (EI � �E jzj)

�
E� 1

2
E;�

+

�
�3 + 3

4
��2 + 3

4
�2 � 1

8
�
�
�2 + 32

�
E (z3)� 3

2
�2E jzj

+3
2
��E (z jzj)� 1

8

�
2 + 3�2

�
E jzj3

�
Eht�1;�h

2
t�1;�

= E;�(;�)2 ;

if

���� �3 + 3
4
��2 + 3

4
�2 � 1

8
�
�
�2 + 32

�
E (z3)� 3

2
�2E jzj

+3
2
��E (z jzj)� 1

8

�
2 + 3�2

�
E jzj3

���� < 1.
Further, as

E
�
eq lnhtht;�ht;�

�
= �BqEq�� 1

2
�QqEq�� 1

2
E;� + CqEq�E;�

+RqE
�
eq� ln(ht�1)ht�1;�ht�1;�

�
= �BqEq�� 1

2
�QqEq�� 1

2
E;� + CqEq�E;�

�RqBq�Eq�2� 1
2
�RqQq�Eq�2� 1

2
E;� +RqCq�Eq�2E;�

+RqRq�E
�
eq�

2 ln(ht�2)ht�2;�ht�2;�

�
=

1X
i=0

h
�Bq�iEq�i+1� 1

2
�Qq�iEq�i+1� 1

2
E;� + Cq�iEq�i+1E;�

i i�1Y
j=0

Rq�j

= EqE;�;�

Eht;�ht;�;� = (� + EI)E� 1
2
E;� +

1

4
E jzjE(;�)2 +

�
� � 1

2
E jzj

�
E;�;�

+(�� + �Ei � �E jzj)E� 1
2
E;�;�

+
1

4

�
�E jzj � 1

2
� (� + EIz2)�

1

2
 (�Ez jzj+ )

�
E;�(;�)2

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�ht�1;�;�

= E;�;�;�;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
Finally, as

ht;�;� =
1

2
(� +  [I (zt�1 � 0)� I (zt�1 < 0)])

1p
ht�1

ht�1;� +
1

4
(�zt�1ht�1;� +  jzt�1j)ht�1;�ht�1;�

+

�
� � 1

2
�zt�1 �

1

2
 jzt�1j

�
ht�1;�;�;

12



we get

E (ht;�ht;�;�) = �1
2

�
�2 + 2�EI + 

2
�
E�1E;� � (�� + �Ei � �E jzj)E� 1

2
E;�;�

+
1

2
(�� + �Ei � 2�E jzj)E� 1

2
E;�;�

+
1

4
(�zt�1 +  jzt�1j)

�
� � 1

2
�zt�1 �

1

2
 jzt�1j

�
E;�(;�)2

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�ht�1;�;�

= E;�;�;�;

as
E (� +  [I (z � 0)� I (z < 0)]) (�z +  jzj) = 2�E jzj

and if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
4.3 Miu-Miu-Beta
Now

E`��� = �T
2
Eht;�ht;�;� �

T

2

�
2E (ht;�ht;�;�)� 2E

�
1

ht
ht;�

�
� E

�
ht;�h

2
t;�

��
= �T

2
Eht;�ht;�;� �

T

2

�
2E (ht;�ht;�;�)� 2E�1E;� � E

�
ht;�h

2
t;�

��
:

Now for the �rst term, notice that

E (� +  [I (z � 0)� I (z < 0)])2 (�z +  jzj) = 
�
3�2 + 2

�
E jzj

E (� +  [I (z � 0)� I (z < 0)]) (�z +  jzj)2 = (� + EIz2)
�
2 + �2

�
+2� (�Ez jzj+ )

E (� +  [I (z � 0)� I (z < 0)]) (�z +  jzj)
�
� � 1

2
�z � 1

2
 jzj

�
= 2��E jzj � � (�Ez jzj+ )

�1
2
(� + EIz2)

�
2 + �2

�
and as

E
�
eq lnht ln (ht)ht;�

�
= �WqEq�� 1

2
+ PqEq�E;� � �BqEq�� 1

2
L

��CqWq�Eq�2� 1
2
+ �CqPq�Eq�2E;� � �CqBq�Eq�2� 1

2
L

+�2CqCq�E
�
eq�

2 ln(ht�2) ln (ht�2)ht�2;�

�
=

1X
i=0

�i
�
�Wq�iEq�i+1� 1

2
+ Pq�iEq�i+1E;� �Bq�iEq�i+1� 1

2
L
� i�1Y
j=0

Cq�j

= EqLE;�

13



it follows that

E lnhth
2
t;� =

�
�
�
�2 + 2�EI + 

2
�
+ 

�
3�2 + 2

�
E jzj

�
E�1

�
�
2� (2�E jzj � �Ez jzj � )� (� + EIz2)

�
2 + �2

�
+2� (�� + �Ei � �E jzj)

�
E� 1

2
E;�

+

0@ �
�
�2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
��
�
�2 + 2

�
+ �2E jzj+ 1

4

�
3�2 + 2

�
E jzj3

+1
4
�
�
�2 + 32

�
Ez3 � 2��E [z jzj]

1AE(;�)2
+�
�
�2 + 2�EI + 

2
�
E�1L� 2� (�� + �Ei � �E jzj)E� 1

2
LE;�

+�

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
E ln (ht�1)h

2
t�1;�

= LE(;�)2 ;

if
��� ��2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

��� < 1.
It follows that as

E
�
eq lnhtht;�ht;�

�
= �BqEq�� 1

2
L+ CqEq�LE;� �QqEq�� 1

2
E;�

�RqBq�Eq�2� 1
2
L+RqCq�Eq�2LE;� �RqQq�Eq�2� 1

2
E;�

+RqE

 
eq�[�+�zt�2+jzt�2j+� ln(ht�2)]

�
� � 1

2
�zt�2 �

1

2
 jzt�2j

�2
ht�2;�ht�2;�

!

=
1X
i=0

h
�Bq�iEq�i+1� 1

2
L+ Cq�iEq�i+1LE;� �Qq�iEq�i+1� 1

2
E;�

i i�1Y
j=0

Rq�j

= EqE;�;�

we get that

Eht;�h
2
t;� =

�
�2 + 2�EI + 

2
�
E�1L+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
LE(;�)2

�2 (�� + �Ei � �E jzj)E� 1
2
LE;�

+

��
�2 + 2

��
� � 1

2
E jzj

�
+ � (2�EI � �E jzj)

�
E�1E;�

�2
�

�� (� � E jzj) + 1
2
�
�
�E (z jzj) + 1

2

�

+1
4

�
�2 + 2

�
(� + EIz2) + � (EI � �E jzj)

�
E� 1

2
E;�;�

+

�
�3 + 3

4
��2 + 3

4
�2 � 1

8
�
�
�2 + 32

�
E (z3)� 3

2
�2E jzj

+3
2
��E (z jzj)� 1

8

�
2 + 3�2

�
E jzj3

�
Eht�1;�h

2
t�1;�

= E;�(;�)2 ;

if

���� �3 + 3
4
��2 + 3

4
�2 � 1

8
�
�
�2 + 32

�
E (z3)� 3

2
�2E jzj

+3
2
��E (z jzj)� 1

8

�
2 + 3�2

�
E jzj3

���� < 1.
Now for the �rst term, as

E (� +  [I (z � 0)� I (z < 0)]) (�z +  jzj) z = � (� + Ez jzj) +  (�EIz2 + )

14



and

Eht;�;� lnht = [� (� + EI) + 2�E jzj]E� 1
2
E;� +

1

4
�E jzjLE(;�)2

+
1

4
[� (� + Ez jzj) +  (�EIz2 +  + �E jzj)]E(;�)2

+

�
�

�
� � 1

2
E jzj

�
+ �E jzj � 1

2
2 � 1

2
�2 � �Ez jzj

�
E;�;�

+� (� + EI)E� 1
2
LE;� + �

�
� � 1

2
E jzj

�
Eht�1;�;� lnht�1

= LE;�;�;

we get that

Eht;�ht;�;� = (� + EI)E� 1
2
LE;� +

1

4
E jzjLE;� +

�
� � 1

2
E jzj

�
LE;�;�

+(�� + �Ei � �E jzj)E� 1
2
E;�;�

+
1

4

�
�E jzj � 1

2
� (� + EIz2)�

1

2
 (�Ez jzj+ )

�
E;�(;�)2

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�ht�1;�;�

= E;�;�;�;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
Finally for the second term E (ht;�ht;�;�) and as

E
�
eq lnhtht;�;�

�
=

1

2
BqEq�E;� + Aqe

q�Eq�E;� +
1

4
(� + )MqEq�E;�;�

+CqE
�
eq� ln(ht�1)ht�1;�;�

�
=

1X
i=0

�
1

2
Bq�iEq�i+1E;� + Aq�ie

�iq�Eq�i+1E;� +
1

4
(� + )Mq�iEq�i+1E;�;�

� i�1Y
j=0

Cq�j

= EqE;�;�

we get

Eht;�ht;�;� = �1
2

�
�2 + 2�EI + 

2
�
E� 1

2
E;� � (� + EI)E� 1

2
E;�

� (�� + �Ei � �E jzj)E� 1
2
E;�;� �

1

4
(� + ) (� + EIz2)E� 1

2
E;�;�

+
1

2
(�� + �Ei � �E jzj)E;�;� +

�
� � 1

2
E jzj

�
E(;�)2

+
1

4
(� + )

�
� � 1

2
�Ez3 � 1

2
E jzj3

�
E;�(;�)2ht�1ht�1;�

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�ht�1;�;�

= E;�;�;�
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if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
4.4 Miu-Miu-Gama
We have that

E`�� = �T
2
Eht;ht;�;� �

T

2

�
2E (ht;�ht;�;)� 2E

�
1

ht
ht;

�
� E

�
ht;h

2
t;�

��
= �T

2
Eht;ht;�;� �

T

2

�
2E (ht;�ht;�;)� 2E�1E; � E

�
ht;h

2
t;�

��
:

First, for the last term we have that, as

E (� +  [I (z � 0)� I (z < 0)])2 jzj =
�
�2 + 2

�
E jzj ;

E (� +  [I (z � 0)� I (z < 0)])
�
� � 1

2
�z � 1

2
 jzj

�
jzj = �

�
�E jzj � 1

2
�Ez jzj

�
�
�
� +

1

2
EIz2

�

E
�
eq lnhtht;ht;�

�
= �XqEq�� 1

2
+ YqEq�E;� �QqEq�� 1

2
E;

+RqE
�
eq� ln(ht�1)ht�1;ht�1;�

�
=

1X
i=0

h
�Xq�iEq�i+1� 1

2
+ Yq�iEq�i+1E;� �Qq�iEq�i+1� 1

2
E;

i i�1Y
j=0

Rq�j

= EqE;;�

we get

Eht;h
2
t;� =

�
�2 + 2

�
E jzjE

�
1

ht�1

�
� 2

�
�

�
�E jzj � 1

2
�Ez jzj

�
� 

�
� +

1

2
EIz2

��
E� 1

2
E;�

+

�
�2E jzj+ 1

4

�
�2 + 2

�
E jzj3

���E [z jzj]� � + 1
2
�Ez3

�
E(;�)2

+

��
�2 + 2

��
� � 1

2
E jzj

�
+ � (2�EI � �E jzj)

�
E�1E;

�2
�

�� (� � E jzj) + 1
2
�
�
�E (z jzj) + 1

2

�

+1
4

�
�2 + 2

�
(� + EIz2) + � (EI � �E jzj)

�
E� 1

2
E;;�

+

�
�3 + 3

4
��2 + 3

4
�2 � 1

8
�
�
�2 + 32

�
Ez3

+3
2
� (�E (z jzj)� �E jzj)� 1

8

�
2 + 3�2

�
E jzj3

�
Eht�1;h

2
t�1;�

= E;(;�)2 ;

if

���� �3 + 3
4
��2 + 3

4
�2 � 1

8
�
�
�2 + 32

�
E (z3)� 3

2
�2E jzj

+3
2
��E (z jzj)� 1

8

�
2 + 3�2

�
E jzj3

���� < 1.
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For the �rst term

Eht;ht;�;� = �E jzjE� 1
2
E;� +

1

4
(�Ez jzj+ )E(;�)2 +

�
�E jzj � 1

2
�Ez jzj � 1

2


�
E;�;�

+(�� + �Ei � �E jzj)E� 1
2
E;;�

+
1

4

�
�E jzj � 1

2
� (� + EIz2)�

1

2
 (�Ez jzj+ )

�
E;(;�)2

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;ht�1;�;�

= E;;�;�;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
Finally, for the second term E (ht;�ht;�;), as

E
�
eq lnhtht;�;

�
=

1

2
BqEq�� 1

2
E; �

1

2
Gqe

q�Eq�E;� +
1

4
(� + )MqEq�E;;�

+CqE
�
eq� ln(ht�1)ht�1;�;

�
=

1X
i=0

�
1

2
Bq�iEq�i+1� 1

2
E; �

1

2
Gq�ie

q��iEq�iE;� +
1

4
(� + )Mq�iEq�i+1E;;�

� i�1Y
j=0

Cq�j

= EqE;;�

we get

Eht;�ht;�; = �1
2

�
�2 + 2�EI + 

2
�
E�1E; �

1

2
E jzjE;�

+
1

2

�
�� + �Ei � �E jzj �

1

2
(� + ) (� + EIz2)

�
E� 1

2
E;;�

� (�� + �Ei � �E jzj)E� 1
2
E;�;

�1
2
E jzjE;� +

1

4
(� + )

�
� � 1

2
�Ez3 � 1

2
 jzj3

�
E;(;�)2

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�ht�1;�;

= E;�;�;;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
4.5 Miu-Miu-Theta
Now

E`��� = �T
2
Eht;�ht;�;� �

T

2

�
2E (ht;�ht;�;�)� 2E

�
1

ht
ht;�

�
� E

�
ht;�h

2
t;�

��
= �T

2
Eht;�ht;�;� �

T

2

�
2E (ht;�ht;�;�)� 2E�1E;� � E

�
ht;�h

2
t;�

��
:
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For the last term we have that, as

E
�
eq[�+�zt�1+jzt�1j+� ln(ht�1)]ht;�ht;�

�
= �UqEq�� 1

2
+ ZqEq�E;� �QqEq�� 1

2
E;�

+RqE
�
eq� ln(ht�1)ht�1;�ht�1;�

�
=

1X
i=0

"
Zq�iEq�i+1E;� � Uq�iEq�i+1� 1

2

�Qq�iEq�i+1� 1
2
E;�

#
i�1Y
j=0

Rq�j

= EqE;�;�;

Eht;�h
2
t;� = 2�E jzjE

�
1

ht�1

�
� 2

�
�E jzj � 1

2
� (� + EIz2)�

1

2
 (�Ez jzj+ )

�
E� 1

2
E;�

+

�
1
4

�
�2 + 2

�
Ez3

��� � �E [z jzj] + 1
2
�E jzj3

�
E(;�)2

+

��
�2 + 2

��
� � 1

2
E jzj

�
+ � (2�EI � �E jzj)

�
E�1E;�

�2
�

�� (� � E jzj) + 1
2
�
�
�E (z jzj) + 1

2

�

+1
4

�
�2 + 2

�
(� + EIz2) + � (EI � �E jzj)

�
E� 1

2
E;�;�

+

�
�3 + 3

4
��2 + 3

4
�2 � 1

8
�
�
�2 + 32

�
E (z3)� 3

2
�2E jzj

+3
2
��E (z jzj)� 1

8

�
2 + 3�2

�
E jzj3

�
Eht�1;�h

2
t�1;�

= E;�(;�)2 ;

if

���� �3 + 3
4
��2 + 3

4
�2 � 1

8
�
�
�2 + 32

�
E (z3)� 3

2
�2E jzj

+3
2
��E (z jzj)� 1

8

�
2 + 3�2

�
E jzj3

���� < 1.
For the second term, as

E
�
eq lnhtht;�;�

�
= BqEq�� 1

2
E;� �

1

2
Fqe

q�Eq�E;� +
1

4
DqEq�E;�;�

+CqE
�
eq� ln(ht�1)ht�1;�;�

�
=

1X
i=0

�
Bq�iEq�i+1� 1

2
E;� �

1

2
Fq�ie

q��iEq�i+1E;� +
1

4
Dq�iEq�i+1E;�;�

� i�1Y
j=0

Cq�j

= EqE;�;�

then

Eht;�ht;�;� = �
�
�2 + 2�EI + 

2
�
E�1E;� +

1

2
E jzjE� 1

2
E;�

� (�� + �Ei � �E jzj)E� 1
2
E;�;� +

1

4
(� + Ez jzj)E(;�)2

+

�
�� + �Ei �

3

2
�E jzj

�
E� 1

2
E;�;�

+
1

4

�
�E jzj � 1

2
2 � 1

2
�2 � �Ez jzj

�
ht�1;�ht�1;�ht�1;�

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�ht�1;�;�

= E;�;�;�;
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if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
Finally, the �rst term

Eht;�ht;�;� = E jzjE� 1
2
E;� +

1

4
(� + EIz2)E(;�)2 �

1

2
(� + Ez jzj)E;�;�

+(�� + �Ei � �E jzj)E� 1
2
E;�;� +

1

4
[� (� + Ez jzj) +  (�EIz2 + )]E;�(;�)2

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�ht�1;�;�

= E;�;�;�;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
4.6 Miu-Alpha-Alpha
For � 2 f�; �; ; �g we have;

`��� = �1
2

TX
t=1

z2t ht;�ht;�;� +
1

2

TX
t=1

�
z2t � 1

�
ht;�;�;� +

1

2

TX
t=1

z2t (ht;�ht;�ht;� � ht;�ht;�;� � ht;�ht;�;�)

+
1

2

TX
t=1

z2t
1p
ht
ht;�ht;� �

TX
t=1

zt

�
1p
ht
ht;�;� �

1p
ht
ht;�ht;�

�
;

with

E`��� = �
T

2
ht;�;�Eht;�+

T

2
Eht;�ht;�ht;��

T

2
(Eht;�ht;�;� + Eht;�ht;�;�)+

T

2
E

�
1p
ht
ht;�ht;�

�
:

Hence, as

E
�
eq lnhth2t;�

�
= Eq + 2CqEq�E;�

+RqE
�
eq� ln(ht�1)h2t�1;�

�
=

1X
i=0

�
Eq�i + 2Cq�iEq�i+1E;�

� i�1Y
j=0

Rq�j

= EqE(;�)2

E`��� = �TEht;�ht;�;� +
T

2
Eht;�h

2
t;� �

T

2
Eht;�ht;�;� +

T

2
E� 1

2
E(;�)2 :

For the second term we have

Eht;�h
2
t;� = � (� + EI)E� 1

2
� 2 (�� + �Ei � �E jzj)E� 1

2
E;�

�
�

�� (� � E jzj) + 1
2
�
�
�E (z jzj) + 1

2

�

+1
4

�
�2 + 2

�
(� + EIz2) + � (EI � �E jzj)

�
E� 1

2
E(;�)2

+

�
� � 1

2
E jzj

�
E;� + 2

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
E;�;�

+

����� �3 + 3
4
��2 + 3

4
�2 � 1

8
�
�
�2 + 32

�
E (z3)� 3

2
�2E jzj

+3
2
��E (z jzj)� 1

8

�
2 + 3�2

�
E jzj3

�����Eht�1;�h2t�1;�
= E;�(;�)2 ;
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if

���� �3 + 3
4
��2 + 3

4
�2 � 1

8
�
�
�2 + 32

�
E (z3)� 3

2
�2E jzj

+3
2
��E (z jzj)� 1

8

�
2 + 3�2

�
E jzj3

���� < 1.
For the third term, as

E
�
eq lnhtht;�;�

�
=

1

4
(Dq � �eq�Aq)Eq�E(;�)2 + CqE

�
eq� ln(ht�1)ht�1;�;�

�
=

1X
i=0

1

4

�
Dq�i � �eq�

i�Aq�i
�
Eq�i+1E(;�)2

i�1Y
j=0

Cq�j

= EqE;�;�

we get

Eht;�ht;�;� = �1
2
�E jzjE� 1

2
E(;�)2 � (�� + �Ei � �E jzj)E� 1

2
E;�;�

+
1

4

�
�E jzj � 1

2
2 � 1

2
�2 � �Ez jzj

�
E;�(;�)2

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�ht�1;�;�

= E;�;�;�;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
Finally, for the �rst term

Eht;�ht;�;� =
1

2
(� + EI)E� 1

2
E;� +

1

4
E jzjE;�;� +

�
� � 1

2
E jzj

�
E;�;�

+
1

2
(�� + �Ei � �E jzj)E� 1

2
E(;�)2

+
1

4

�
�E jzj � 1

2
2 � 1

2
�2 � �Ez jzj

�
E;�(;�)2

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�ht�1;�;�

= E;�;�;�;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
4.7 Miu-Alpha-Beta
As

E
�
eq lnhtht;�ht;�

�
= Aqe

q�Eq�L+ CqEq�LE;� + CqEq�E;�

+RqE
�
eq� ln(ht�1)ht�1;�ht�1;�

�
=

1X
i=0

h
Aq�ie

q��iEq�i+1L+ Cq�iEq�i+1LE;� + Cq�iEq�i+1E;�

i i�1Y
j=0

Rq�j

= EqE;�;�
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E`��� = �
T

2
ht;�;�Eht;�+

T

2
Eht;�ht;�ht;��

T

2
(Eht;�ht;�;� + Eht;�ht;�;�)+

T

2
E� 1

2
E;�;�:

For the second term, as

E
�
eq lnht ln (ht)ht;�

�
= DqEq� + �e

qAqEq�L+ PqEq�E;�

+�CqE
�
eq� ln(ht�1) ln (ht�1)ht�1;�

�
= DqEq� + �CqDq�Eq�2 + �Aqe

q�Eq�L+ �
2CqAq�e

q��Eq�2L

+PqEq�E;� + �CqPq�Eq�2E;�

+�2CqCq�E
�
eq�

2 ln(ht�2) ln (ht�1)ht�2;�

�
=

1X
i=0

�
�iDq�iEq�i+1 + �

i+1Aq�ie
q��iEq�i+1L+ �

iPq�iEq�i+1E;�

� i�1Y
j=0

Cq�j

= EqLE;�;

we have that

E lnhtht;�ht;� = � [2�E jzj+ � (� + EI)]E� 1
2
+

�
�
�
� � 1

2
E jzj

�
+ �E jzj

�1
2
2 � 1

2
�2 � �Ez jzj

�
E;�

�
�

� (�� + �Ei � �E jzj) + 2��E jzj
�1
2

�
(� + EIz2)

�
2 + �2

�
+ 2� (�Ez jzj+ )

� �E� 1
2
E;�

+

0@ �
�
�2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
��
�
�2 + 2

�
+ �2E jzj+ 1

4

�
3�2 + 2

�
E jzj3

+1
4
�
�
�2 + 32

�
Ez3 � 2��E [z jzj]

1AE;�;� � � (� + EI)E� 1
2
L

+�

�
� � 1

2
E jzj

�
LE;� � � (�� + �Ei � �E jzj)E� 1

2
LE;�

+�

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
E ln (ht�1)ht�1;�ht�1;�

= LE;�;�;

and it follows that

Eht;�ht;�ht;� = � (� + EI)E� 1
2
L� (�� + �Ei � �E jzj)

h
E;� + E� 1

2
LE;�

i
�
�

�� (� � E jzj) + 1
2
�
�
�E (z jzj) + 1

2

�

+1
4

�
�2 + 2

�
(� + EIz2) + � (EI � �E jzj)

�
E� 1

2
E;�;�

+

�
� � 1

2
 jzj

�
LE;� +

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
E;�;�

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
LE;�;�

+

�
�3 + 3

4
��2 + 3

4
�2 � 1

8
�
�
�2 + 32

�
E (z3)� 3

2
�2E jzj

+3
2
��E (z jzj)� 1

8

�
2 + 3�2

�
E jzj3

�
Eht�1;�ht�1;�ht�1;�

= E;�;�;�;

if

���� �3 + 3
4
��2 + 3

4
�2 � 1

8
�
�
�2 + 32

�
E (z3)� 3

2
�2E jzj

+3
2
��E (z jzj)� 1

8

�
2 + 3�2

�
E jzj3

���� < 1.
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The forth term

Eht;�ht;�;� =
1

2
(� + EI)E;� + E;� +

1

4
(� + )E;�;� +

�
� � 1

2
E jzj

�
E;�;�

+
1

2
(�� + �Ei � �E jzj)E;�;� +

�
� � 1

2
E jzj

�
ht�1;�ht�1;�

+
1

4
(� + )

�
� � 1

2
�Ez3 � 1

2
E jzj3

�
E;�;�;�

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�ht�1;�;�

= E;�;�;�;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
The third term, as

E
�
eq lnhtht�1;�;�

�
= Aqe

q�Eq�E;� +
1

4
(Dq � �eq�Aq)Eq�E;�;�

+CqE
�
eq� ln(ht�1)ht�1;�;�

�
=

1X
i=0

h
Aq�ie

q��iEq�i+1E;� +
�
Dq�i � �eq�

i�Aq�i
�
Eq�i+1E;�;�

i i�1Y
j=0

Cq�j

= EqE;�;�;

is given by:

Eht;�ht;�;� = � (� + EI)E� 1
2
E;� �

1

2
�E jzjE� 1

2
E;�;�

� (�� + �Ei � �E jzj)E� 1
2
E;�;�

+

�
� � 1

2
E jzj

�
E;�;� +

1

4

�
�E jzj � 1

2
2 � 1

2
�2 � �Ez jzj

�
E;�;�;�

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�ht�1;�;�

= E;�;�;�;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
Finally, the �rst term

ln (ht)ht;�;� =

�
1

2
� (� + EI) + �E jzj

�
E� 1

2
E;�

+
1

4

�
�2 + 2�Ez jzj+ 2 + �E jzj

�
E;�;� +

�
�
�
� � 1

2
E jzj

�
+ �E jzj

�1
2
2 � 1

2
�2 � �Ez jzj

�
E;�;�

+
1

2
� (� + EI)E� 1

2
LE;� +

1

4
�E jzjLE;�;�

+�

�
� � 1

2
E jzj

�
E ln (ht�1)ht�1;�;�

= LE;�;�;
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and it follows that

Eht;�ht;�;� =
1

2
(� + EI)E� 1

2
LE;� +

1

4
E jzjLE;�;� +

�
� � 1

2
E jzj

�
LE;�;�

+
1

2
(�� + �Ei � �E jzj)E� 1

2
E;�;�

+
1

4

�
�E jzj � 1

2
2 � 1

2
�2 � �Ez jzj

�
ht�1;�ht�1;�ht�1;�

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�ht�1;�;�

= E;�;�;�;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
4.8 Miu-Alpha-Gamma
As

E
�
eq ln(ht)ht;�ht;

�
= Gqe

q�Eq� + YqEq�E;� + CqEq�E;

+RqE
�
eq� ln(ht�1)ht�1;ht�1;�

�
=

1X
i=0

h
Gq�ie

q��iEq�i+1 + Yq�iEq�i+1E;� + Cq�iEq�i+1E;

i i�1Y
j=0

Rq�j

= EqE;�;

E`�� = �T
2
Eht;�;�ht; +

T

2
Eht;�ht;ht;� �

T

2
(Eht;�ht;�; + Eht;�ht;;�) +

T

2
E

�
1p
ht
ht;�ht;

�
= �T

2
Eht;�;�ht; +

T

2
Eht;�ht;ht;� �

T

2
(Eht;�ht;�; + Eht;�ht;;�) +

T

2
E� 1

2
E;�;:

For the second term we have that

Eht;�ht;ht;� = ��E jzjE� 1
2
+

�
�E jzj � 1

2
�Ez jzj � 1

2


�
E;�

�
�
�

�
�E jzj � 1

2
�Ez jzj

�
� 

�
� +

1

2
EIz2

��
E� 1

2
E;�

+

�
�E jzj � 1

2
�Ez jzj � 1

2


�
E;�;� � (�� + �Ei � �E jzj)E� 1

2
E;

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
E;;�

�
�

�� (� � E jzj) + 1
2
�
�
�E (z jzj) + 1

2

�

+1
4

�
�2 + 2

�
(� + EIz2) + � (EI � �E jzj)

�
E� 1

2
E;�;

+

�
�3 + 3

4
��2 + 3

4
�2 � 1

8
�
�
�2 + 32

�
E (z3)� 3

2
�2E jzj

+3
2
��E (z jzj)� 1

8

�
2 + 3�2

�
E jzj3

�
Eht�1;ht�1;�ht�1;�

= E;�;;�;
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if

���� �3 + 3
4
��2 + 3

4
�2 � 1

8
�
�
�2 + 32

�
E (z3)� 3

2
�2E jzj

+3
2
��E (z jzj)� 1

8

�
2 + 3�2

�
E jzj3

���� < 1.
For the fourth term

Eht;�ht;�; =
1

2
(� + EI)E� 1

2
E; �

1

2
E jzjh;� +

1

4
(� + )E;;� +

�
� � 1

2
E jzj

�
E;�;

+
1

2
(�� + �Ei � �E jzj)E� 1

2
E;�; �

1

2

�
�E jzj � 1

2
�Ez jzj � 1

2


�
E;�;�

+
1

4
(� + )

�
� � 1

2
�Ez3 � 1

2
E jzj3

�
E;�;;�

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�ht�1;�;

= E;�;�;;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
For the third term, as

E
�
eq ln(ht)ht;�;

�
= �1

2
Gqe

q�Eq�E;� +
1

4
(Dq � �eq�Aq)Eq�E;�;

+CqE
�
eq� ln(ht�1)ht�1;;�

�
=

1X
i=0

�
�1
2
Gq�ie

q��iEq�i+1E;� +
1

4

�
Dq�i � �eq�

i�Aq�i
�
Eq�i+1E;�;

� i�1Y
j=0

Cq�j

= EqE;�;

we get

ht;�ht;;� =
1

2
�E jzjE� 1

2
E;� �

1

2
�E jzjE� 1

2
E;�; � (�� + �EI � �E jzj)E� 1

2
E;�;

�1
2

�
�E jzj � 1

2
�Ez jzj � 1
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�
E;�;� +

1

4

�
�E jzj � 1

2
2 � 1

2
�2 � �Ez jzj

�
E;�;;�

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�ht�1;;�

= E;�;;�;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
Finally, for the �rst term

Eht;ht;�;� =
1

2
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2
E;� +

1

4
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4.9 Miu-Alpha-Theta
As now
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4.10 Miu-Beta-Beta
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Hence, as
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and
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4.11 Miu-Beta-Gamma
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The third term, as
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Finally, the �rst term
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4.12 Miu-Beta-Theta
As

E
�
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�
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we get
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For the second term, as
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if
��� ��2 + 1

4
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The fourth term, as
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�
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The third term, as
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2
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2
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2
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4
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2
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Finally, the �rst term
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4.13 Miu-Gamma-Gamma
Now, as
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we get
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���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
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Finally, the �rst term

Eht;�ht;�; =
1

2
E jzjE� 1

2
E; �

1

2
Ez jzjE;� +

1

4
(� + )Ez3E;;� �

1

2
(� + Ez jzj)E;�;

+
1

2
(�� + �EI � �E jzj)E� 1

2
E;;� �

1

2

�
�E jzj � 1

2
�Ez jzj � 1

2


�
E;�;�

+
1

4
(� + )

�
� � 1

2
�Ez3 � 1

2
E jzj3

�
E;;�;�

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�ht�1;�;

= E;�;�;;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
4.15 Miu-Theta-Theta
Finally, we have that as

E
�
eq ln(ht)h2t;�

�
= MqEq� + 2ZqEq�E;� +RqE

�
eq� ln(ht�1)h2t�1;�

�
=

1X
i=0

�
Mq�iEq�i+1 + 2Zq�iEq�i+1E;�

� i�1Y
j=0

Rq�j

= EqE(;�)2

E`��� = �TEht;�;�ht;� +
T

2
Eht;�h

2
t;� �

T

2
Eht;�ht;�;� +

T

2
E

�
1p
ht
h2t;�

�
= �TEht;�;�ht;� +

T

2
Eht;�h

2
t;� �

T

2
Eht;�ht;�;� +

T

2
E� 1

2
E(;�)2 :

For the second term

Eht;�h
2
t;� = � (� + EIz2)E� 1

2
� 2

�
�E jzj � 1

2
� (� + EIz2)�

1

2
 (�Ez jzj+ )

�
E� 1

2
E;�

�
�

�� (� � E jzj) + 1
2
�
�
�E (z jzj) + 1

2

�

+1
4

�
�2 + 2

�
(� + EIz2) + � (EI � �E jzj)

�
E� 1

2
E(;�)2

+

�
� � 1

2
�Ez3 � 1

2
E jzj3

�
E;� + 2

�
1
4

�
�2 + 2

�
Ez3

��� � �E [z jzj] + 1
2
�E jzj3

�
E;�;�

+

�
�3 + 3

4
��2 + 3

4
�2 � 1

8
�
�
�2 + 32

�
E (z3)� 3

2
�2E jzj

+3
2
��E (z jzj)� 1

8

�
2 + 3�2

�
E jzj3

�
Eht�1;�h

2
t�1;�

= E(;�)2;�;

if

���� �3 + 3
4
��2 + 3

4
�2 � 1

8
�
�
�2 + 32

�
E (z3)� 3

2
�2E jzj

+3
2
��E (z jzj)� 1

8

�
2 + 3�2

�
E jzj3

���� < 1.
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The third term, as

E
�
eq ln(ht)ht;�;�

�
= �Fqeq�Eq�E;� +

1

4

�
Dq�i � �eq�

i�Aq�i
�
Eq�E(;�)2

+CqE
�
eq� ln(ht�1)ht�1;�;�

�
=

1X
i=0

�
�Fq�ieq��

i

Eq�i+1E;� +
1

4

�
Dq�i � �eq�

i�Aq�i
�
Eq�i+1E(;�)2

� i�1Y
j=0

Cq�j

= EqE;�;�

becomes

Eht;�ht;�;� = E jzjE� 1
2
E;� �

1

2
�E jzjE� 1

2
E(;�)2

� (�� + �EI � �E jzj)E� 1
2
E;�;�

+
1

2
(� + Ez jzj)E;�;� +

1

4

�
�E jzj � 1

2
2 � 1

2
�2 � �Ez jzj

�
E(;�)2;�

+

������2 + 14�2 + 142 � �E jzj+ 12�E (z jzj)
�����Eht�1;�ht�1;�;�

= E;�;�;�

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
Finally, the �rst term equals

Eht;�ht;�;� = E jzjE� 1
2
E;� �

1

2
E;� +

1

4
(� + Ez jzj)E;�;� �

1

2
(� + Ez jzj)E;�;�

+(�� + �EI � �E jzj)E� 1
2
E(;�)2 +

1

4
(� + Ez jzj)E;�;�

+
1

4

�
�E jzj � 1

2
2 � 1

2
�2 � �Ez jzj

�
E(;�)2;�

+

�
�2 +

1

4
�2 +

1

4
2 � �E jzj+ 1

2
�E (z jzj)

�
Eht�1;�ht�1;�;�

= E;�;�;�;

if
���2 + 1

4
�2 + 1

4
2 � �E jzj+ 1

2
�E (z jzj)

�� < 1.
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Appendix
The following are a collection of helpful expectations that are frequently employed in
the proofs of the main results. Notice that these expectations are analytical functions
of the parameters only under the assumption of normality. In the general case these
can be estimated from their sample counterparts, e.g. E exp

�
q�i (�z +  jzj)

�
can be

estimated by 1
T

PT
t=1 exp

�
q�i (�zt +  jztj)

�
, where zt is the standardized residual.

A Various Expected Values
First, notice that E exp

�
q�i (�z +  jzj)

�
depends on the distribution of z. For ex-

ample, under normality, i.e. zt
iid� N (0; 1), we get that, for �1 = q��i and �2 = q�i,

E exp
�
q�i (�z +  jzj)

�
=

1p
2�

Z 1

�1
exp

�
�1z + �2 jzj �

1

2
z2
�
dz

= exp

 
(�1 � �2)2

2

!
1p
2�

Z 0

�1
exp

�
�1
2
(z � (�1 � �2))2

�
dz

+exp

 
(�1 + �2)

2

2

!
1p
2�

Z 0

�1
exp

�
�1
2
(z � (�1 + �2))2

�
dz

= exp

 
(�1 � �2)2

2

!
1p
2�

Z �(�1��2)

�1
exp

�
�1
2
u2
�
du

+exp

 
(�1 + �2)

2

2

!
1p
2�

Z �(�1+�2)

�1
exp

�
�1
2
u2
�
du

= exp

 
(�1 � �2)2

2

!
� (� (�1 � �2)) + exp

 
(�1 + �2)

2

2

!
� (�1 + �2)

= exp

 
q2�2i ( � �)2

2

!
�
�
q�i ( � �)

�
+exp

 
q2�2i (� + )2

2

!
�
�
q�i (� + )

�
= Aq�i

where � (�) the standard normal cumulative distribution.
Moreover, consider

E (z exp (�1z + �2 jzj)) =
Z 1

�1
z exp (�1z + �2 jzj) f (z) dz = Fq�i ;

where �1 = q��
i, �2 = q�

i and f (z) the density function of the standardized error.
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Under normality, i.e. zt
iid� N (0; 1), we get that

E
�
z exp q�i (�z +  jzj)

�
= E (z exp (�1z + �2 jzj)) =

1p
2�

Z 1

�1
z exp

�
�1z + �2 jzj �

1

2
z2
�
dz

= exp

 
(�1 � �2)2

2

!
1p
2�

Z �(�1��2)

�1
(u+ (�1 � �2)) exp

�
�1
2
u2
�
du

+exp

 
(�1 + �2)

2

2

!
1p
2�

Z 1

�(�1+�2)
(x+ (�1 + �2)) exp

�
�1
2
x2
�
dx

where u = z � (�1 � �2) and x = z � (�1 + �2), and it follows

E (z exp (�1z + �2 jzj)) = exp

 
(�1 � �2)2

2

!
1p
2�

"
� exp

�
� (�1��2)2

2

�
+(�1 � �2)

p
2�� (� (�1 � �2))

#

+exp

 
(�1 + �2)

2

2

!
1p
2�

"
exp

�
� (�1+�2)

2

2

�
+(�1 + �2)

p
2� (1� � (� (�1 + �2)))

#

= (�1 � �2) � (� (�1 � �2)) exp
 
(�1 � �2)2

2

!

+(�1 + �2) � (�1 + �2) exp

 
(�1 + �2)

2

2

!

= q�i (� � ) �
�
q�i ( � �)

�
exp

 
q2�2i ( � �)2

2

!

+q�i ( + �) �
�
q�i ( + �)

�
exp

 
q2�2i ( + �)2

2

!
= Fq�i ;

where, again, � (�) the standard normal cumulative distribution.
Further,

E
�
jzj exp q�i (�z +  jzj)

�
= E (jzj exp (�1z + �2 jzj)) =

Z 1

�1
jzj exp (�1z + �2 jzj) f (z) dz = Gq�i ;

where, again, �1 = q��
i, �2 = q�

i and f (z) the density function of the standardized

error. Under normality, i.e. zt
iid� N (0; 1), we get that

E (jzj exp (�1z + �2 jzj)) =
1p
2�

Z 1

�1
jzj exp

�
�1z + �2 jzj �

1

2
z2
�
dz

=
1p
2�

Z 0

�1
�z exp

�
�1
2

�
�2 (�1 � �2) z + z2 � (�1 � �2)2

��
dz

+
1p
2�

Z 1

0

z exp

�
�1
2

�
�2 (�1 + �2) z + z2 � (�1 + �2)2

��
dz
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and applying the same technique we get

E (jzj exp (�1z + �2 jzj)) =
2p
2�
+ q�i (� � ) �

�
q�i ( � �)

�
exp

 
q2�2i ( � �)2

2

!

+q�i ( + �) �
�
q�i ( + �)

�
exp

 
q2�2i ( + �)2

2

!
= Gq�i :

Additionally,

E
�
(�+ �z +  jzj)2 exp

�
q�i (�+ �z +  jzj)

�	
= �2Aq�i exp

�
q��i

�
+ 2�Dq�i exp (��)

+2�Hq�i +
�
�2 + 2

�
Mq�i

= Nq�i ;

where

E
�
z jzj exp

�
q�i (�+ �z +  jzj)

�	
= Hq�i and

E
�
z2 exp

�
q�i (�+ �z +  jzj)

�	
= Mq�i

and they are evaluated as the above expectations.
Furthermore we employ the following symbols to manage the length of various

expressions, where z is a zero mean unit variance iid random variable

E

��
(�+ �z +  jzj)

�
� � 1

2
�z � 1

2
 jzj

�
exp

�
q�i (�+ �z +  jzj)

���
= Pq�i

E

��
(� +  [I (z � 0)� I (z < 0)])

�
� � 1

2
�z � 1

2
 jzj

�
exp

�
q�i (�+ �z +  jzj)

���
= Qq�i

E

(�
� � 1

2
�z � 1

2
 jzj

�2
exp

�
q�i (�+ �z +  jzj)

�)
= Rq�i

E
�
([I (z � 0)� I (z < 0)]) exp

�
q�i (�+ �z +  jzj)

�	
= Sq�i

E
�
z (� +  [I (z � 0)� I (z < 0)]) exp

�
q�i (�+ �z +  jzj)

�	
= Uq�i

E
�
(�+ �z +  jzj) (� +  [I (z � 0)� I (z < 0)]) exp

�
q�i (�+ �z +  jzj)

�	
= Wq�i

E
�
jzj (� +  [I (z � 0)� I (z < 0)]) exp

�
q�i (�+ �z +  jzj)

�	
= Xq�i

E

�
jzj
�
� � 1

2
�z � 1

2
 jzj

�
exp

�
q�i (�+ �z +  jzj)

��
= Yq�i

E

�
z

�
� � 1

2
�z � 1

2
 jzj

�
exp

�
q�i (�+ �z +  jzj)

��
= Zq�i
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